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Abstract

This paper develops a dynamic general equilibrium model with two currencies to
study the effect of negative interest rates on domestic money demand and exchange
rates. Money demand for a currency depends on the relative ratio of the money market
rate and the deposit rate of the central bank. If agents choose to hold only domestic
currency, a decrease in the deposit rate of the central bank will not affect the exchange
rate. If agents choose to hold both currencies, a decrease in the deposit rate will cause
an appreciation (depreciation) if the money market rate decreases to a larger (smaller)
extent. If agents are subject to bank deposit rates that are sticky below zero, then
a decrease of the central bank deposit rate leads to a depreciation of the currency
regardless of the size of the effect on the money market rate.
Keywords: monetary policy, negative interest rates, exchange rates
JEL Classifications: E52, E58, F31
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1 Introduction

In recent years, several central banks adopted negative interest rates (NIR) as a monetary
policy tool for various reasons. The Danmarks Nationalbank and the Swiss National Bank
(SNB) have introduced NIR for exchange rate considerations while the Bank of Japan,
the Swedish Riksbank and the European Central Bank have implemented NIR to increase
inflation. In Switzerland, the Swiss franc experienced a high appreciation relative to the
euro, which lead the SNB to introduce an exchange rate peg in 2011. This peg was
defended until the beginning of 2015, when the SNB decided to discontinue the peg, lower
the key policy rate to −0.75% and charge −0.75% on any excess reserves above a certain
threshold.1 The SNB decided to adopt NIR to make investments in Switzerland relatively
less attractive and thus hinder a further appreciation of the Swiss franc.

In order to study the effects of NIR on money demand, capital flows and exchange
rates, I develop a small open economy model with two currencies. In the model, financial
intermediaries (FI) are subject to uncertainty about their liquidity needs and can adjust
their portfolio in either a domestic or foreign money market once their liquidity needs are
revealed. Accessing the foreign money market entails additional transaction costs. Sellers
of the consumption good accept both domestic and foreign currencies but are subject to
the interest rate on overnight reserves set by the central banks.

The key result of the model is that the demand for domestic or foreign currency crucially
depends on the ratio of the money market rate and the deposit rate of the central bank,
relative to the same ratio in the foreign currency. FI prefer to acquire the currency in
which the marginal cost of borrowing is relatively small compared to the marginal benefit
of holding a currency across periods. Depending on this ratio of the domestic and the
foreign currency, the effects of a decrease in the NIR on exchange rates differ.

If the ratio of the money market rate and the deposit rate is higher in the domestic
currency than it is in the foreign currency, domestic FI choose to use the domestic currency
only.2 In such an equilibrium, a decrease in the interest rate on reserves of the central
bank does not affect the exchange rate because it does not change money demand for the
domestic currency.

If however, the ratio of the money market rate and the deposit rate of the central
bank is smaller for the domestic than it is for the foreign currency, the central bank can
affect the exchange rate through the deposit rate. FI with a high liquidity preference will
choose to acquire the foreign currency, allowing them to consume a higher quantity. In
such a scenario, the effect of a decrease in the deposit rate on exchange rates depends on

1In December 2015, the SNB announced a decrease in the policy rate to −0.25% effective by January
21st 2015. On January 15th, the SNB announced a further decrease to −0.75%, also effective as of January
21st 2015.

2In the model, I focus on the money demand of domestic agents. Foreign currency is demanded by
foreign agents and therefore valued in equilibrium.
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the difference between the ratios of the two currencies. Namely, if there is only a small
difference between the two currencies, a decrease in the deposit rate decreases the incentive
to hold the domestic currency and the ratio between the money market rate and the deposit
rate in the domestic currency decreases. As a result, FI will choose to acquire less of the
domestic currency and more FI choose to acquire the foreign currency. Thus, the domestic
currency depreciates and the capital outflow of domestic FI increases.

On the other hand, if there is a large difference between the two currencies, a decrease in
the deposit rate leads to an increase in the ratio of the money market rate and the deposit
rate of the domestic currency. As a result, the domestic currency becomes more attractive
to hold and it appreciates. Moreover, less FI choose to acquire the foreign currency and
as a result, capital outflow decreases.

These results do not depend on the sign of the deposit rate, indicating that the effects
to not differ between positive rates and NIR. However, several papers in the NIR literature
argue that banks do not pass on the NIR to their depositors (see, for example Heider et al.
(2019), Demiralp et al. (2019), Dell’Ariccia et al. (2017) and others), suggesting that NIR
may have different effects on the economy.

Thus, I extend this benchmark model to account for these observations and assume
that sellers deposit their earnings at bank accounts with FI, which are remunerated at a
retail bank deposit rate which is subject to a zero lower bound. The key result of the
extension is that the ratio of the marginal cost of borrowing and the marginal benefit of
holding a currency across periods no longer depends on the central bank deposit rate but
rather on the retail bank deposit rate. Thus, a decrease in the central bank deposit rate
only affects the exchange rate in a floor system where the money market rate moves with
the central bank deposit rate. Here, a decrease in the central bank deposit rate leads to an
appreciation of the currency because the cost of borrowing decreases relative to the benefit
of holding a currency across periods.

The extension suggests that NIR may have counter-intuitive effects on exchange rates
due to a limited pass-through to retail bank deposit rates. However, recent observations
show that banks pass on NIR to firms and wealthy customers with the prolonged exposure
of NIR, indicating that the results in the benchmark model may still have some relevance
in NIR periods.

This paper is closely related to Amador et al. (2017), Khayat (2018), Hameed and Rose
(2018), who study the effects of NIR on exchange rates or discuss NIR as a monetary policy
tool to replace foreign reserve accumulation. This paper contributes to the discussion on
the effects of NIR on exchange rates by developing a small open economy model to study
how NIR affects money demand, capital flows and exchange rates.

This paper is structured as follows. Section 2 provides an overview of the related
literature. In section 3, I describe the theoretical model. Section 4 discusses the results of
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the benchmark model and the results of the extension. Section 5 concludes.

2 Related literature

This paper is closely related to the literature that studies monetary policy and their effects
on exchange rates. While there exists a large literature that studies the effects of monetary
policy and exchange rates (see, for example Mishkin, 1995, Taylor, 2001, Obstfeld and
Rogoff, 1995 or Eichenbaum and Evans, 1995), there are only a few papers that discuss
NIR and their effects on the exchange rate. Hameed and Rose (2018) analyse the effects
of NIR on exchange rate volatility using Swiss data. They find only little evidence that
NIR affect exchange rate volatility. Khayat (2018) estimates Markov regime switching
with time varying transition probabilities models to investigate the relationship of NIR
on exchange rates and banking outflows and finds stronger effects during a NIR period
compared to a positive interest rate period in Denmark. Amador et al. (2017) discus NIR
as a monetary policy tool to target exchange rates. They study the benefits and costs
arising from targeting an exchange rate by acquiring foreign reserves and present NIR as
a tool to avoid some of these costs.

Other papers on the effects of NIR include Bech and Malkhozov (2016), Jackson (2015),
Turk (2016), Jobst and Lin (2016) and Dell’Ariccia et al. (2017), who provide an overview
of NIR policies, and discuss transmission to money markets and potential side effects. The
theoretical literature on NIR focuses on optimal monetary policy under NIR (Rognlie, 2016,
Dong andWen, 2017, Porcellacchia, 2018), on the effects on bank lending (Eggertsson et al.,
2019) or on the impact on banks (Berentsen and Ruprecht, 2020). The empirical literature
focuses mostly on the impact on banks’ balance sheets, bank lending and lending rates
(Heider et al., 2019, Basten and Mariathasan, 2018, Bräuning and Wu, 2017, Demiralp
et al., 2019, Eisenschmidt and Smets, 2019, Eggertsson et al., 2019, Turk, 2016, Schelling
and Towbin, 2018).

This paper is furthermore closely related to the extensive literature that studies mon-
etary policy in a channel or floor system and its transmission to money markets. Articles
include Poole (1968), Woodford (2000), Heller and Lengwiler (2003), Whitesell (2006),
Berentsen and Monnet (2008), Berentsen et al. (2014) or Bech and Monnet (2016). These
papers however do not study NIR.

The paper is also related to the literature on the indeterminacy of exchange rates in
theoretical models, first discussed in Kareken and Wallace (1981), and how to overcome
it (see, for example, Liu, 2016, Nosal and Rocheteau, 2011, Camera et al., 2004, Gomis-
Porqueras et al., 2013, Gomis-Porqueras et al., 2017, Zhang, 2014 or Lucas, 1982).
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3 The model

3.1 The environment

The theoretical model builds on Berentsen et al. (2014) and Berentsen et al. (2018), who
develop a framework that closely replicates how monetary policy is implemented in reality.
To incorporate two currencies, I follow the approach taken in Zhang (2014), where using
the foreign currency is subject to a cost.

Time is discrete and continues forever. Agents discount future periods with β = 1/(1+

r) < 1, where r is the time rate of discount. There are two countries, indexed by 1 and
2. For now, I focus on the environment in country 1, to which I also refer as the domestic
country. Each period is divided into three sub-periods that open sequentially, as depicted
in Figure 1. These are a settlement and foreign exchange market, a money market and a
goods market. There are two types of infinitely-lived agents: FI and sellers, each with a
unit measure. FI want to consume in the goods market, but cannot produce and sellers
can produce in the goods market, but do not want to consume. There exist further a
central bank in each country, that issue their own currency, currency 1 and currency 2,
respectively and operate standing facilities.

Money and limited commitment. Goods are non-storable and agents cannot commit to
honour intertemporal promises to repay. In order to trade, agents can use currency 1 or
currency 2 as a medium of exchange.

t t+ 1

Settlement and Foreign Money Market Goods Market and
Standing Facilities

ǫ-liquidity shock

Exchange Market

Figure 1: Timeline

I now describe the three sub-periods.

Money market. Agents enter the money market with m1 money holdings of currency
1. At the beginning of the money market, FI receive an i.i.d. idiosyncratic and serially un-
correlated liquidity preference shock denoted ε with distribution F (ε) and support (0,∞].
In order to adjust their money holdings according to their liquidity preferences, FI can
access a perfectly competitive money market in country 1 or/and in country 2 to borrow
or lend currency 1 or 2, respectively.3 In each money market only the respective currency

3There are several studies that examine money markets closely, see for example Berentsen et al. (2018)
for Switzerland and European Central Bank (2015) or Mancini et al. (2016) for the Euro area. These studies
suggest that market for reserves in Switzerland, the Swiss Franc Repo Market and the collateralized money
market in the Euro zone are competitive markets.
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is traded. The price of one unit borrowed is 1/ρjm with ρjm = 1/(1 + ijm), where ijm is the
nominal interest rate in money market j, for j = 1, 2. I abstract from default in the money
market by assuming that there exists a record-keeping technology such that the repayment
of credit can enforced. This record-keeping technology does not exist in the goods market.
Thus, FI can borrow on an uncollateralized basis.

Goods market and standing facilities. In the competitive goods market, sellers produce
a specialized good qs at linear cost c(qs) = qs. FI purchase the good and receive utility
εu(qε) = εlog(qε).4 Sellers accept both currencies and have no costs associated with
accepting a foreign currency. Furthermore, the central banks operate a lending and a
deposit facility. Thus, agents can borrow from the central bank at price 1/ρj` = (1 + ij`),
where ij` is the lending rate for j = 1, 2 and deposit money holdings at the central bank at
price 1/ρjd = (1 + ijd), where i

j
d is the deposit rate for j = 1, 2. The central bank of each

country only lends and accepts deposits in it’s own currency. Sellers can only carry their
earnings across periods by depositing them at the central bank.5

Settlement and foreign exchange market. In the settlement and foreign exchange mar-
ket, FI repay their loans from the money market and from the central banks. Both FI
and sellers can consume a general good x, which yields linear utility U(x) = x. They can
furthermore work h hours, yielding a linear disutility −h. One hour of work yields one
general good. Furthermore, FI decide how much currency 1, denoted m1′ to bring into the
next money market. The assumption of quasi-linear preferences follows Lagos and Wright
(2005) and as shown below yields a degenerate distribution of currency 1 holdings. The
price of the general good is P j = 1/φj for j = 1, 2. Thus, φj denotes the price of one unit
of currency j for j = 1, 2 in terms of the general good. Sellers and FI can exchange their
currency holdings by either purchasing the general good with one currency and selling it
for the other or directly exchange currencies with agents that hold the required currency.
Lastly, the central banks issue currencies 1 and 2 in the settlement and foreign exchange
market. The total stock of currency 1 and 2 in period t is denotedM1 andM2, respectively.

Two-country environment. In country 2, there are also two types of agents: FI and
sellers. Each of them has measure n, where n is assumed to be large relative to country 1

such that any decisions taken by agents in country 1 do not affect the equilibrium outcome
in country 2.

4Another way to model the goods market would be to have buyers that deposit their money holdings
at accounts held with FI because they are subject to uncertainty about their consumption preferences.
Buyers can then withdraw the required amount of deposits in the goods market and if necessary borrow
from FI. FI adjust their money holdings in the money market to meet the withdrawals of buyers. Here, I
assume that buyers and FI are consolidated.

5Here, I abstract from cash holdings. This assumption is motivated by the implementation of NIR in
Switzerland. The Swiss National Bank monitors cash holdings of banks and charges NIR on cash holdings,
if cash balances increase. Thus, cash cannot be used to avoid NIR.
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Settlement and

Foreign Exchange

Money Market 1

Money Market 2

Standing Facilities

Goods Market

Market

fixed cost k2
b

fixed number of country 2 FI n21z21

Figure 2: Two country environment

Figure 2 gives an overview of the environment. At the beginning of the period, both
agents of country 1 and agents of country 2 can trade with each other in the settlement
and foreign exchange market. As described above they can readjust their portfolios by
working and consuming the general good and exchanging currencies at the exchange rate
e, which is determined by the ratio of the respective price levels in the settlement and
foreign exchange market:

e =
P 1

P 2
=
φ2

φ1
. (1)

Note, since country 2 is assumed to be large and cannot be affected by any decisions
taken by country 1 agents, φ2 is exogenous. After the settlement and foreign exchange
market, country 1 FI can then choose to access money market 1 and/or money market 2.
Accessing money market 2 is subject to a fixed cost k2

b for country 1 FI. Furthermore, in
order to focus on the effects of NIR on domestic money demand, I assume that the number
of country 2 FI that enter money market 1 and how much they borrow is fixed at n21z21.
Lastly, FI and sellers enter the goods market. Here, I assume that the goods market is
perfectly divided between the two countries, i.e. country 1 FI only purchase from country
1 sellers and country 2 FI only purchase from country 2 sellers. After the trade, sellers
deposit their earnings with the respective central bank. For the following analysis, I focus
on the maximization problems of country 1 agents only and take the behaviour of country

7



2 agents as exogenous.6

Assumption 1. Agents can only hold their domestic currency at the end of the settlement
and foreign exchange market.

Assumption 1 pins down the money demand in the settlement and foreign exchange
market and ensures that currency 1 is always valued in a monetary equilibrium. Further,
it implies that FI from country 1 that would like to lend out money in the money market,
can only access the money market in country 1, since each money market only trades in
their respective currency. A country 1 FI that would like to borrow can choose whether to
borrow currency 1 in money market 1 or currency 2 in money market 2.

3.2 First-best allocation

The first-best allocation is characterized by a benevolent planner who can implement an
allocation to maximize the utility of all agents in the economy. The benevolent planner
weighs the utilities of all agents equally.

max
qε,qs

∫ ∞
0

(εu(qε)− qs) dF (ε)

s.t. qs −
∫ ∞

0
qεdF (ε) ≥ 0

The first-order condition and market clearing in the goods market imply

q∗ε = ε ∀ ε

qs = ε̄, where ε̄ =

∫ ∞
0

εdF (ε).
(2)

In the first-best allocation, FI consume a quantity of the consumption good that is equal
to their ε and each seller produces the average of the total amount demanded.

3.3 Decentralized allocation

Here, I characterize the optimal decisions of FI and sellers. I focus on the decisions of FI
as sellers play a secondary role in the model. I use them to obtain a first-order condition
in the goods market.

6A study by Yeşin (2015) shows that the high valuation of the Swiss franc was not caused by a high
private capital inflow, suggesting that the appreciation of the Swiss franc was at least to some extent
caused by private capital flows of domestic agents. For this reason, I focus on the demand for domestic
and foreign currency by domestic agents.
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Settlement and Foreign Exchange Market. VS(m1,m2, `1, `2, d1, d2, z1, z2) denotes
the value of a FI when entering the settlement and foreign exchange market with m1

currency 1 holdings, m2 currency 2 holdings, `1 loans from country 1’s central bank, `2

loans from country 2’s central bank, d1 deposits at country 1’s central bank, d2 deposits
at country 2’s central bank, z1 loans from country 1’s money market and z2 loans from
country 2’s money market. VM (m1′) denotes the expected value of entering the money
market with m1′ currency 1 holdings. For notational simplicity, I omit the time subscript
of the value function. The value function at the beginning of the settlement and foreign
exchange market is

VS(m1,m2, `1, `2, d1, d2, z1, z2) = max
h,x,m1′

x− h+ VM (m1′) (3)

s.t. x+ φ1m1′ = h+ φ1m1 + φ2m2 + φ1
d1

ρ1d
+ φ2

d2

ρ2d
− φ1 `

1

ρ1`
− φ2 `

2

ρ2`
− φ1 z

1

ρ1m
− φ2 z

2

ρ2m
+ φ1τM1,

where h is the number of hours worked, x the quantity of the general good consumed and
m1′ is the amount of currency 1 brought into the money market. φjdj/ρjd is the amount
of deposits FI receive back from central bank j, for j = 1, 2. φj`j/ρj` is the amount FI
have to pay back to central bank j for j = 1, 2 and φjzj/ρjm is the amount FI have to pay
back from borrowing zj in money market j, for j = 1, 2. Lastly, φ1τM1 are lump-sum
taxes (τ < 0) or lump-sum subsidies (τ > 0) from the central bank. Rearranging the
budget constraint for x − h and plugging the expression into the value function, I obtain
the following first-order condition

V m1′

M ≤ φ1 (= if m1′ > 0). (4)

The marginal value of bringing one additional unit of currency 1 into the money market
is V m1′

M = ∂VM (m1′ )

∂m1′ . Since agents have linear disutility of working, φ1 is the marginal
cost of acquiring one unit of currency 1 in the settlement and foreign exchange market.
Equation (4) implies that all FI enter the money market with the same amount of m1′

currency holdings, regardless of their currency balances when entering the settlement and
foreign exchange market. This yields a degenerate distribution of currency 1 holdings. The
envelope conditions are

V m1

S = φ1, V m2

S = φ2, V `j

S = −φ
j

ρj`
, V dj

S =
φj

ρjd
, V zj

S = − φ
j

ρjm
, (5)

for j = 1, 2. V hj

S is the partial derivative of VS(m1,m2, `1, `2, d1, d2, z1, z2) with respect to
hj , where h = m, `, d, z for j = 1, 2.
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Money and Goods Market. If

φ1

βφ1
+1

≥ 1

ρ1
m

holds, sellers choose not to carry any money into the money and goods market. φj+1

denotes the value of currency j for j = 1, 2 in the settlement and foreign exchange market
in the following period. For the remainder of this paper, I assume that this condition is
satisfied. Further, since sellers have no need to acquire a means of payment, they also have
no incentive to borrow in the money market or at the central bank. Therefore zj = `j = 0

for j = 1, 2 for sellers.
Denote V S

G the value function of a seller at the beginning of the goods market. Sellers
choose how much to produce and sell in return for receiving currency 1, denoted q11

s , at
price p11 and how much to produce and sell for currency 2, denoted q12

s , at price p12. Their
maximization problem is therefore

V S
G = max

q11s ,q12s
− q11

s − q12
s + βV 1

S (m1 + p11q11
s − d1,

p12

e+1
q1
s − d2, 0, 0, d1, d2, 0, 0)

s.t. m1 + p11q1
s − d1 ≥ 0,

p12

e+1
q1
s − d2 ≥ 0.

The first and second constraint state that the deposits of sellers at the respective central
bank cannot exceed their currency holdings. Since, I assume that sellers deposit all their
earnings at the central bank, these constraints hold with equality. Sellers are indifferent
as to which currency to accept and how much to produce if

βφ1
+1

p11

ρ1
d

= βφ1
+1

p12

ρ2
d

= 1 (6)

holds. Equation (6) implies that sellers need to be compensated for the cost of carrying
currency 1 or currency 2 across periods.

FI receive their liquidity preference shock at the beginning of the money market and
decide based on this shock how much to borrow or lend in the money market, which money
market to access and how much to consume in the goods market. Denote VG(m1) the value
function of a FI at the beginning of the money market with m1 currency 1 holdings. Let
q11
ε denote the amount purchased in currency 1 and q12

ε denote the amount purchased with
currency 2, where qε = q11

ε +q12
ε . Denote V 11

M (m1) the value of an ε-FI that accessed money
market 1. The maximization problem of an ε-FI that chose to access market 1 is
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V 11
M (m1) = max

q11ε ,z1ε ,`
1
ε,`

2
ε,d

1
ε,d

2
ε

εu(qε)

+ βVS(m1 + z1
ε + `1ε − p11q11

ε − d1
ε, `

2
ε −

p12

e+1
q12
ε − k2

b − d2
ε, `

1
ε, `

2
ε, d

1
ε, d

2
ε, z

1
ε , z

2
ε )

s.t. m1 + z1
ε + `1ε − p11q11

ε − d1
ε ≥ 0, `2ε −

p12

e+1
q12
ε − k2

b − d2
ε ≥ 0

d1
ε ≥ 0, d2

ε ≥ 0.

The first constraint has the Lagrange multiplier βφ1
+1λ

11
ε and states that the FI cannot

spend more of currency 1 than it has. The second constraint has the Lagrange multiplier
βφ2

+1λ
12
ε and states that the FI cannot spend more of currency 2 than it has. The third

and fourth constraint have the Lagrange multipliers βφ1
+1λ

11
d and βφ1

+1λ
12
d and state that

the FI cannot borrow at the deposit facility of either central bank. Note, for a FI that
accesses money market 1, q12 = 0, since this FI does not acquire currency 2.

For ρ1
d > ρ1

m > ρ1
` , FI are better off by borrowing or lending in the money market

instead of lending or borrowing from the central bank. If ρ1
d = ρ1

m, FI that want to lend
currency 1 are indifferent between the money market and the deposit facility at the central
bank. And consequently, for ρ1

m = ρ1
` , FI that want to borrow currency 1 are indifferent

between borrowing in the money market or from the central bank. Naturally, the same
reasoning holds for FI who want to borrow in money market 2.

Furthermore, if an FI has chosen to access money market 1, it must be that accessing
money market 1 yields the highest value for that FI or that the FI is indifferent. If accessing
the money market yields the highest value for this FI, it is not optimal to borrow part
of the required money in money market 2 or access the central bank lending or deposit
facilities in either country. If the FI is indifferent between borrowing in money market 1 or
money market 2, I assume they always choose the domestic money market. Lastly, if the
FI is indifferent between the money market or the standing facilities at the central bank,
I assume they adjust their currency holdings in the money market. Either case implies
`jε = djε = 0 for j = 1, 2 and z2

ε = 0, if borrowers choose to borrow in money market 1.

Using Equation (5), the first-order conditions satisfy

εu′(qε)− βφ1
+1p

11(1 + λ11
ε ) = 0, (7)

(1 + λ11
ε )− 1

ρ1m
= 0. (8)

Denote V 12
M (m1) the value of an ε-FI that accessed money market 2. The maximization
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problem for a ε-FI, that chose to enter money market 2 is

V 12
M (m1) = max

q11ε ,q12ε ,z2ε
εu(qε)

+ βVS(m1 + `1ε − p11q11
ε − d1

ε, z
2
ε + `2ε −

p12

e+1
q12
ε − k2

b − d2
ε, `

1
ε, `

2
ε, d

1
ε, d

2
ε, z

1
ε , z

2
ε ).

s.t. m1 + `1ε − p11q11
ε − d1

ε ≥ 0, z2
ε + `2ε −

p12

e+1
q12
ε − k2

b − d2
ε ≥ 0,

d1
ε ≥ 0, d2

ε ≥ 0.

The first and second constraint implies that a FI cannot spend more than their currency
1 and currency 2 holdings. They have the Lagrange multiplier βφ1

+1λ
21
ε and βφ2

+1λ
22
ε ,

respectively. The third and fourth constraints imply that a FI cannot borrow at the
deposit facility of the central bank and have the Lagrange multipliers βφ1

+1λ
21
d and βφ1

+1λ
22
d ,

respectively. Note, the same reasoning as above is true for borrowing and lending at the
central bank and therefore `j = dj = 0 j = 1, 2 for FI that choose to access money market
2. The first-order conditions satisfy

εu′(qε)− βφ1
+1p

11(1 + λ11
ε ) = 0, (9)

εu′(qε)− βφ1
+1p

12(1 + λ12
ε ) = 0, (10)

(1 + λ12
ε )− 1

ρ2m
= 0. (11)

Lemma 1 characterizes the optimal quantities consumed by FI and the optimal quan-
tities borrowed or lent in money market 1 or 2.

Lemma 1. There exist two critical values ε1
d, ε

1
M for country 1 FI. If ρ1

m/ρ
1
d ≥ ρ2

m/ρ
2
d,

then a FI with 0 ≤ ε ≤ ε1
d lends currency 1 in money market 1 and a FI with ε > ε1

d

borrows currency 1 in money market 1. If ρ1
m/ρ

1
d < ρ2

m/ρ
2
d, then a FI with 0 ≤ ε ≤ ε1

d

lends currency 1 in money market 1, a FI with ε1
d < ε ≤ ε1

M borrows currency 1 in money
market 1 and a FI with ε > ε1

M borrows currency 2 in money market 2. The critical values
ε1
d, ε

1
M satisfy

ε1
d =

m1

p11

ρ1
d

ρ1
m

, (12)

ε1
M =

βφ2
+1

k2b
ρ2m

log
(
ρ2m
ρ2d

)
− log

(
ρ1m
ρ1d

) . (13)
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The quantity borrowed and lent by a FI in the money market with liquidity shock ε and
the quantity of goods consumed by the FI satisfy:

qε = ε
ρ1
m

ρ1
d

, z1
ε = p11 ρ

1
m

ρ1
d

(ε− ε1
d), ∀ε, (14)

if ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d. The quantity borrowed and lent by a FI in the money market with

liquidity shock ε and the quantity of goods consumed by the FI satisfy:

qε = ε
ρ1
m

ρ1
d

, z1
ε =p11 ρ

1
m

ρ1
d

(ε− ε1
d) z2

ε =0, if 0 ≤ ε ≤ ε1
M ,

qε = ε
ρ2
m

ρ2
d

, z1
ε =m1, z2

ε =
p12

e+1

ρ2
m

ρ2
d

ε+ k2
b if ε > ε1

M ,

(15)

if ρ1
m/ρ

1
d < ρ2

m/ρ
2
d.

The proof of Lemma 1 can be found in Appendix C.2. For the remainder of this paper,
I make the following assumption:

Assumption 2. The cost of accessing the foreign money market k2
b satisfies

k2
b > k2

b = ε1
d

(
log

(
ρ2
m

ρ2
d

)
− log

(
ρ1
m

ρ1
d

))
ρ2
m

βφ2
+1

.

Assumption 2 guarantees that ε1
M > ε1

d. Note, if this inequality does not hold, there
might exist some FI that lend out money but would prefer to do so in the foreign money
market. Since these FI only hold domestic currency, this is not possible.

I now discuss the implications of Lemma 1. As described above, the quantities con-
sumed depend on the ratio of the money market rate and the deposit rate in the respective
currency. Intuitively, FI choose the optimal quantity to consume based on the cost of bor-
rowing a currency and the benefit of holding a currency across periods. If this ratio is equal
to one (i.e. the marginal cost is equal to the marginal benefit), FI are able to consume
a quantity that is equal to the first-best allocation. The difference in this ratio between
the two currencies is also the reason why some FI might choose to acquire currency 2. If
the ratio between the money market rate and the deposit rate is higher for one currency,
FI have an incentive to switch to this currency, because it will allow them to consume a
higher quantity. I now discuss each case.

Case: ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d. Figure 3 depicts the consumption schedule for FI in the case

ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d. As stated above, in the first-best allocation each FI consumes a quantity

of goods equal to their ε. Thus, the 45◦ line represents the quantities consumed in the

13



qε

ε

ρ1
m

ρ1
d

ρ2
m

ρ2
d

45◦

ε1d

Figure 3: Consumption if ρ1m/ρ1d ≥ ρ2m/ρ2d

first-best allocation. If ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, using currency 1 yields a higher utility because the

FI can afford a larger quantity of the consumption good. As a result, no FI from country
1 chooses to access money market 2. Further, FI with 0 ≤ ε ≤ ε1

d supply currency 1 in
money market 1 and FI with ε > ε1

d demand currency 1 in money market 1.

Case: ρ1
m/ρ

1
d < ρ2

m/ρ
2
d. Figure 4 illustrates the consumption schedule of FI as a function

of ε if ρ1
m/ρ

1
d < ρ2

m/ρ
2
d. Again, the 45◦ line represents the first-best allocation. A FI

with 0 ≤ ε ≤ ε1
d lends currency 1 in money market 1. A FI with ε1

d < ε ≤ ε1
M needs

to borrow money in order to purchase their desired quantity of consumption goods. It
needs to borrow an amount small enough and thus remains in money market 1. A FI with
ε ≥ ε1

M wants to borrow an amount that is high enough, such that the benefit of using
currency 2 outweighs the cost of accessing money market 2. By using currency 2, it can
afford a higher quantity of the consumption good and therefore prefers to use currency 2

as a medium of exchange.

Figure 5 depicts the effect of a change in ρ1
d on the critical value ε1

M in partial equilib-
rium for the case ρ1

m/ρ
1
d < ρ2

m/ρ
2
d. Ceteris paribus, an increase in ρ1

d (i.e. a decrease the
deposit rate i1d), shifts the value function V 11

m (m1) down, causing ε1
M to decrease to ε1′

M .
The marginal benefit of holding currency 1 decreases while the marginal cost of borrowing
currency 1 remains constant. As a result, currency 1 becomes relatively less attractive to
hold and more FI choose to borrow in money market 2.
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ρ1
m

ρ1
d

ρ2
m

ρ2
d

qε

ε
ε1Mε1d

45◦

Figure 4: Consumption if ρ1m/ρ1d < ρ2m/ρ
2
d

3.4 Equilibrium

I focus on stationary and symmetric equilibria with a strictly positive demand for currency
1 and a strictly positive initial stock of currency 1 and currency 2, M j

0 > 0 for j = 1, 2.7

Denote γ1 = M1
+1/M

1 the constant gross growth rate of the money stock in currency 1.
Such equilibria meet the following requirements: (i) the decisions of FI and sellers are
optimal given prices; (ii) The decisions are symmetric across sellers and symmetric across
FI with the same ε-shock; (iii) All markets clear; (iv) All real quantities remain constant
over time; (v) The law of motion for the stock of currency 1,

M1
+1 = M1 +

(
1

ρ1
`

− 1

)
L1 −

(
1

ρ1
d

− 1

)
D1 + τM1, (16)

holds in each period. M1
+1 denotes the stock of currency 1 in period t+ 1. L1 is the total

amount that is borrowed at the central bank in country 1 and D1 is the total amount
of deposited at the central bank in country 1. Recall, τM1 denotes lump-sum subsidies
(τ > 0) or lump-sum taxes (τ < 0) levied by the central bank in country 1.

7Since this is a nominal quantity, the central bank in each country can start the economy with one-time
injections of currency M j

0 , for j = 1, 2 in period 0.
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ε
ε1M

VM (m1)

V 11
M (m1)

V 12
M (m1)

ε1
′

M

V 11′
M (m1)

Figure 5: Value Functions of FI

Goods market clearing. Denote qjks the amount sold by sellers in country j for currency
k. For ρ1

m/ρ
2
d < ρ2

m/ρ
2
d the goods market clearing conditions in country 1 satisfies

q11
s =

∫ ε1M

0

(
ε
ρ1
m

ρ1
d

)
dF (ε),

q12
s =

∫ ∞
ε1M

(
ε
ρ2
m

ρ2
d

)
dF (ε).

(17)

For ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, the goods market clearing condition satisfies

q11
s =

∫ ∞
0

(
ε
ρ1
m

ρ1
d

)
dF (ε). (18)

Money market clearing. Denote (ρ1
m)u the money market rate in market 1 that would

result in equilibrium, if the money market rate were not affected by the standing facilities
(ρ1
` , ρ

1
d). Supply and demand are characterized by

S1((ρ1
m)u) =

∫ ε1d

0
p11 (ρ1

m)u

ρ1
d

(ε1
d − ε)dF (ε) +

∫ ∞
ε1M

m1dF (ε),

D1((ρ1
m)u) =

∫ ε1M

ε1d

p11 (ρ1
m)u

ρ1
d

(ε− ε1
d)dF (ε) + n21z21,

for ρ1
m/ρ

1
d < ρ2

m/ρ
2
d. Recall, n21z21 denotes the constant amount that country 2 FI

borrow in money market 1.
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Thus, the money market clearing conditions is∫ ε1d

0
p11 (ρ1

m)u

ρ1
d

(ε1
d−ε)dF (ε)+

∫ ∞
ε1M

m1dF (ε) =

∫ ε1M

ε1d

p11 (ρ1
m)u

ρ1
d

(ε−ε1
d)dF (ε)+n21z21. (19)

For ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, money market supply and demand are characterized by

S1((ρ1
m)u) =

∫ ε1d

0
p11 (ρ1

m)u

ρ1
d

(ε1
d − ε)dF (ε),

D1((ρ1
m)u) =

∫ ∞
ε1d

p11 (ρ1
m)u

ρ1
d

(ε− ε1
d)dF (ε) + n21z21.

And in this case, the money market clearing conditions is∫ ε1d

0
p11 (ρ1

m)u

ρ1
d

(ε1
d − ε)dF (ε) =

∫ ∞
ε1d

p11 (ρ1
m)u

ρ1
d

(ε− ε1
d)dF (ε) + n21z21. (20)

Rewriting the money market clearing condition for both cases yields

ρ1
m =


ρ1
d, if D1(ρ1

d) < S1(ρ1
d)

ρ1
` , if D1(ρ1

` ) > S1(ρ1
` )

(ρ1
m)u, otherwise.

(21)

Proposition 2. If ρ1
m/ρ

1
d < ρ2

m/ρ
2
d, then a symmetric and stationary equilibrium with

a positive demand for reserves is a policy (ρ1
d, ρ

1
` ) and endogenous variables (ε1

d, ε
1
M , ρ

1
m)

satisfying Equations (13), (21), and

γ1ρ1
d

β
=

∫ ε1M

0

ρ1
d

ρ1
m

dF (ε) +

∫ ∞
ε1M

ρ2
d

ρ2
m

dF (ε). (22)

If ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, then a symmetric and stationary equilibrium with a positive demand

for reserves is a policy (ρ1
d, ρ

1
` ) and endogenous variables (ε1

d, ρ
1
m) satisfying Equations (21),

and
γ1ρ1d
β

=

∫ ∞

0

ρ1d
ρ1m

dF (ε). (23)

The proof of Proposition 2 is in Appendix C.2. I will refer to the equilibrium where
only currency 1 is used (i.e. ρ1

m/ρ
1
d ≥ ρ2

m/ρ
2
d) as a type I equilibrium and the equilibrium

where two currencies are used (i.e. ρ1
m/ρ

1
d < ρ2

m/ρ
2
d) as a type II equilibrium.

In a type I equilibrium, Equation (23) pins down the money market rate ρ1
m and

Equation (21) pins down ε1
d and therefore the real value of currency 1, m1/p11. The
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remainder of the variables are determined as follows: The exchange rate is determined
according to Equation (1). Equation (6) determines φ1

+1. The quantities consumed and
borrowed in the money market are determined by Lemma 1. The total amount produced
is determined by Equation (18).

In a type II equilibrium, Equations (13), (21) and (22) pin down endogenous variables
(ε1
d, ε

1
M , ρm). The remainder of the variables are determined as follows: Equation (6)

pins down φ1
+1 and price p12. Lemma (1) determines the quantities consumed. Equation

(17) determines the total quantity produced by sellers and Equation (1) determines the
exchange rate.

Further, in both types of equilibria, the clearing condition for money holdings of cur-
rency 1 has to hold,

∫∞
0 m1dF (ε) = m1 or m1 = M1. It is further useful to normalize

M1 = 1, such that ε1
d determines the price level 1/p11.

3.5 Optimal monetary policy

Proposition 3. The optimal policy is ρ1
d = β

γ1
. Under this policy, ρ1

m = ρ1
d must hold.

Therefore, the optimal policy implements the first-best allocation.

The proof of Proposition 3 is in Appendix C.2. The central bank can implement the
first-best allocation by setting ρ1

d = β
γ1
. Note, this policy is not unique, as the optimal

monetary policy does not specify ρ1
` . Any ρ

1
` ≤ ρ1

d = β/γ1 would implement the first-best
allocation.

Furthermore, Proposition 3 does not eliminate the possibility that NIR can be optimal.
If β/γ1 > 1, then the optimal policy requires ρ1

d > 1, which implies a negative deposit rate
at the central bank. This would be the case if the economy experiences a deflation.

4 Discussion

4.1 Monetary policy

Here, I discuss the effects of monetary policy on the exchange rate. I restrict the discussion
to cases where ρ1

d ≥ ρ1
m > ρ1

` , such that Equations (20) or (19) hold.

Type I Equilibria
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Proposition 4. In a type I equilibrium, the real value of currency 1, φ1m1 satisfies

φ1m1 =

∫ ∞
0

εdF (ε) + n21z21. (24)

The proof of Proposition 4 is in Appendix C.2. Proposition 4 implies that the value of
currency 1 does not depend on the interest rate of the deposit facility, but on the expected
liquidity needs and the demand for domestic currency coming from foreign agents. This
implies that the decision how much currency 1 to acquire does not depend on prices and
therefore also not on the deposit rate. Thus, a decrease in the deposit rate, given that
ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d continues to hold, will not affect the value of currency 1 and therefore also

not the exchange rate. To see this, note that from Equation (23), the money market rate
will always adjust such that γ1ρ1

m/β = 1 holds. Thus, the money market rate is pinned
down by cost of carrying money across periods γ1/β and not by the deposit rate.8 As a
consequence, a change in the deposit rate does not affect the choice of currency 1 holdings.
Moreover, from Equation (6), the price of consumption good in the investment market
changes proportionally to the decrease in the deposit rate. Thus, from Lemma 1, the
quantities consumed also decrease proportionally. As a result, FI consume less. However
as long as ρ1

m/ρ
1
d ≥ ρ2

m/ρ
2
d continues to hold, FI still prefer to use currency 1 only.

There are two comments in order. First, this result depends crucially on the fact that
FI have no upper bound in the amount they can borrow in the money market. If FI had
an upper bound on how much they can borrow in the money market, then the decision
of much currency 1 to bring into the money and goods market would depend on how
much goods FI can receive for the amount they can borrow if they are constrained. This
depends on the price of the goods in the goods market and therefore on the deposit rate.
In such a scenario, a decrease in the deposit rate would imply a decrease in the real value of
currency 1 and would therefore imply a deprecation against currency 2. Second, as shown
in Proposition 4, the real value of currency 1 also depends on the demand from foreign FI.
Since the demand is assumed to be constant in order to focus on domestic money demand,
this does not affect the value of currency 1. However, if the decrease in ρ1

m/ρ
1
d would imply

that there is a decrease in the demand from foreign FI to use currency 1, then currency 1

would also depreciate.

Type II Equilibria Recall that ρjk = 1/(1 + ijk) for j = 1, 2 and k = m, d, `. In order to
discuss the effects of a decrease in the interest rate on reserves in equilibrium, I take the
total derivative of the system of equations that define an equilibrium, namely, Equations

8Note if, ρ1` > β/γ1 or β/γ1 > ρ1d, then there exists no type I equilibrium. In other words, if the money
market rate cannot adjust to satisfy γ1ρ1m/β = 1, because the upper or lower bound of the money market
rate prohibit this, there exists no type I equilibrium.
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(22), (13) and (21). Denote ∆ = log(ρ2
m/ρ

2
d)− log(ρ1

m/ρ
1
d).

Taking the total derivative of Equations (13) yields

dε1
M

dρ1
d

=
ε1
M

∆

[
dρ1

m

dρ1
d

1

ρ1
m

− 1

ρd

]
≷ 0. (25)

Taking the total derivative of Equation (22) and using Equation (25) yields

dρ1
m

dρ1
d

=

1
ρ1d

∫∞
ε1M

ρ2d
ρ2m
dF (ε) +

ε1M
∆ f(ε1

M )
(
ρ1d
ρ1m
− ρ2d

ρ2m

)
1
ρ1d

ε1M
∆ f(ε1

M )
(
ρ1d
ρ1m
− ρ2d

ρ2m

)(
1
ρ1m

)
−
∫ ε1M

0
ρ1d

(ρ1m)2
dF (ε)

≷ 0, (26)

The money market rate ρ1
m is increasing in ρ1

d if(
ρ1d
ρ1m
− ρ2d

ρ2m

)
ρ1d
ρ1m

>

∫ ε1M
0 dF (ε)
ε1M
∆ f(ε1

M )
. (27)

Finally, taking the total derivative of Equation (20) to study the effect on the critical value
ε1
d yields

dε1
d

dρ1
d

=
f(ε1

M )
(ε1M )2

∆

[
dρ1m
ρ1d

1
ρ1m
− 1

ρ1d

]
∫ ε1M

0 ε/ε1
ddF (ε)

≷ 0. (28)

Recall, ε1
d is proportional to the real value of currency 1 m1/p11. Equations (25) and (28)

show that the demand for currency 1 and thus the exchange rate as well as the number of
FI that choose to acquire currency 2 crucially depend on dρ1

m/dρ
1
d.

Therefore, I now discuss the effects on a decrease on the exchange rate for different
cases of dρ1

m/dρ
1
d.

Case dρ1
m/dρ

1
d < 0: If dρ1

m/dρ
1
d < 0, then Equations (28), (25) and (26) are negative.

Figure 6 illustrates the case when ρ1
m/ρ

1
d decreases to ρ1′

m/ρ
1′
d . The 45◦ line indicates the

first-best allocation. In this case, the decrease in the deposit rate leads to a decrease in the
ratio ρ1

m/ρ
1
d and thus decreases the incentive to acquire currency 1. As a result, FI demand

less currency 1 holdings in the settlement and foreign exchange market and the currency
depreciates. Moreover, more FI choose to use currency 2 as a means of payment and ε1

M

decreases to ε1′
M . The decrease in ε1

M can be interpreted as an increase in capital outflow
as more domestic FI choose to hold foreign currency. Note, this case occurs if Equation
(27) does not hold. In other words if the difference between ρ1

m/ρ
1
d and ρ2

m/ρ
2
d is relatively

small, a decrease in the deposit rate leads to an deprecation of the domestic currency and
an increase in capital outflow.
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ρ2
m
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ε
ε1M

45◦

ρ1′
m

ρ1′
d

ε1
′

M

Figure 6: Consumption if dρ1m/dρ1d < 0

Case dρ1
m/dρ

1
d > 1: First, note that if Equation (27) holds, dρ1

m/dρ
1
d > 1 must hold.

Thus, if dρ1
m/dρ

1
d > 1, both critical values ε1

M and ε1
d increase with a decrease in the

deposit rate id, leading to an appreciation of currency 1. Figure 7 illustrates this case,
given that ρ1

m/ρ
1
d < ρ2

m/ρ
2
d continues to hold. Again, the 45◦ line indicates the first-best

allocation. If the ratio between the money market rate and the deposit rate increases due
to a decrease in the deposit rate, currency 1 becomes relatively more attractive to use
as a means of payment and as result, it appreciates. Moreover, less FI choose to borrow
currency 2, leading to an increase in the critical value ε1

M to ε1′
M . This can be interpreted

as a decrease in the capital outflow. This case occurs if Equation (27) holds. In other
words, if the difference between ρ1

m/ρ
1
d and ρ2

m/ρ
2
d is large, a decrease in the deposit rate

cause an appreciation of currency 1 and a decrease in capital outflow.

To sum up, the effect of a decrease on the deposit rate i1d crucially depends on the ratio
between the marginal cost of borrowing and the marginal benefit of holding a currency.
If a decrease in i1d causes a decrease in the ratio, then currency 1 becomes less attractive
to hold and depreciates. Moreover, more FI choose to use currency 2, resulting in an
increase in capital outflow. On the other hand, if a decrease in i1d causes an increase in the
ratio, currency 1 appreciates and less FI choose to use currency 2 as a means of payment
leading to a decrease in capital outflow. Note that these results do not depend on the sign
of the deposit rate and the money market rate. The ratios ρ1

m/ρ
1
d and ρ2

m/ρ
2
d determine

money demand for currency 1, the critical value ε1
M and the exchange rate. This holds
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Figure 7: Consumption if dρ1m/dρ1d > ρ1d/ρ
1
m

with positive rates and NIR.

4.2 Limited pass-through to bank deposit rates

In the theoretical framework, I assume that sellers have access to the deposit facility of the
central bank. Another way to interpret this assumption is that sellers have bank accounts
with FI but receive the same interest rate on their deposits as the interest rate on the
deposit facility of the central bank. However, there are several observations in the recent
NIR literature that show a limited pass-through of NIR to bank deposit rates. Here, I
extend the benchmark model to study the implications of a limited pass-trough to bank
deposit rates during NIR periods. The maximization problems can be found in Appendix
C.1. In the following discussion, I just state the results. I assume that sellers deposit
their earnings at the very end of the goods market at their bank accounts and that sellers
deposit currency 1 with country 1 FI and currency 2 with country 2 FI for simplicity.
Furthermore, I assume that sellers are equally distributed among FI such that the amount
of deposits that each FI receives at the end of the goods market is identical across all FI.9

Denote 1/ρjs = (1 + ijs) the price of one unit deposited with a FI, where ijs is the interest
rate on bank deposits in currency j for j = 1, 2.

Lemma 5 implies that the relevant ratio for the choice of which currency to acquire is
9Here, I follow Berentsen and Ruprecht, 2020.
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now ρjm/ρ
j
s for j = 1, 2. As in the benchmark model, if ρ1

m/ρ
1
s ≥ ρ2

m/ρ
2
s, then FI only use

currency 1 as a means of payment and a decrease in the central bank deposit rate does
not affect the demand for currency 1 or the exchange rate. If i1s = i2s = 0 holds in both
countries, then ρ1

m/ρ
1
s ≥ ρ2

m/ρ
2
s implies that i1m < i2m. Thus, if country 1 has a lower money

market rate, the central bank cannot affect the exchange rate by lowering the central bank
deposit rate.

For the following discussion I focus on the case where ρ1
m/ρ

1
s < ρ2

m/ρ
2
s holds. Denote

ε1
d′ , the critical value for which an FI is indifferent between borrowing and lending. Denote
ε1
M ′ the critical value for which an FI is indifferent between borrowing in money market 1

and borrowing in money market 2.

ρ1
m

ρ1
d

ρ2
m

ρ2
d

qε

ε
ε1M ′

45◦

Figure 8: Consumption under limited pass-through

Consumption if ρ1
m/ρ

1
s < ρ2

m/ρ
2
s. Figure 8 illustrates the consumption schedule of coun-

try 1 FI in this case. FI with 0 ≤ ε ≤ ε1
d′ lend currency 1 in money market 1, FI with

ε1
d′ ≤ ε ≤ ε1

M ′ borrow currency 1 in money market 1 and FI with ε > ε1
M ′ borrow currency

2 in money market 2. Note, a negative money market rate and a zero retail deposit rate
implies ρjm/ρjs > 1 for j = 1, 2. Thus, FI now consume a higher amount compared to
the first-best quantities. The reason is that FI have an incentive to increase the quantity
consumed in order to avoid the NIR because they cannot pass on the NIR to their de-
positors. As discussed above, ρ1

m/ρ
1
s < ρ2

m/ρ
2
s implies that i1m > i2m. FI with a liquidity

preference choose to use currency 2 because the cost associated with entering the foreign
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money market is relatively small compared to the benefit of being able to borrow at a lower
rate.

Effect of a change in i1d. From Equation (41), it is straightforward to see that a decrease
in the deposit rate of the central bank only affects the money market rate if ρ1

m = ρ1
d. There

are two cases to consider. First, if the central bank deposit rate is binding (i.e. the money
market does not clear), then a decrease in the central bank deposit rate will lead to an
decrease in the money market rate to the same extent. This implies dρ1

m/dρ
1
d = 1. The

second case is, when the money market rate clears the money market at ρ1
m = ρ1

d. In that
case, an interest rate cut will not have any effect and dρ1

m/dρ
1
d = 0. Thus, there is no

corresponding effect on money demand in the settlement market and thus no effect on the
exchange rate. In the following, paragraph, I discuss the first case.

ρ1
m

ρ1
d

ρ2
m

ρ2
d

qε

ε
ε1M ′

45◦

ρ1′
m

ρ1′
d

ε1
′

M ′

Figure 9: Consumption under limited pass-through

Effect of a decrease in i1d if dρ1
m/dρ

1
d = 1. Figure 9 illustrates the effect of a change

in i1d if dρ1
m/dρ

1
d = 1. In this case, a decrease of the central bank deposit rate leads to a

decrease in the rate in money market 1 to the same extent. Thus, the cost of borrowing
currency 1 deceases, while the benefit of holding currency 1 remains constant. As a result,
currency 1 becomes relatively more attractive to hold and appreciates. Moreover, the
critical value ε1

M ′ increases to ε
1′
M ′ and thus, capital outflow decreases.
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This can also be seen by looking at the total derivative of Equation (36)

dε1
M ′

dρ1
d

∣∣∣∣
ρ1m=ρ1d

=

∫ ε1
M′

0
ρ1s

(ρ1m)2
dF (ε)(

ρ1s
ρ1m
− ρ2s

ρ2m

)
f(ε1

M ′)
> 0, (29)

if dρ1
m/dρ

1
d = 1. To look at the change in the value of currency 1, I study the change in

the supply of currency 1 in the money market (the RHS of Equation (41)).10 Taking the
total derivative of the right-hand side of Equation (41) yields

dε1
d′

dρ1
d

∣∣∣∣
ρ1m=ρ1d

=

∫ ε1
M′

0
ρ1s

(ρ1m)2
dF (ε)(

ρ1s
ρ1m
− ρ2s

ρ2m

) ∫ ε1
d′

0 ε/(ε1
d′)

2dF (ε)
> 0, (30)

if dρ1
m/dρ

1
d = 1.

The reason for this result is that without the corresponding decrease in the marginal
benefit to hold currency 1 across periods for sellers, the ratio between the marginal cost
of borrowing and the marginal benefit of holding currency 1 is always decreasing in i1m.
As the money market rate decreases in country 1, the ratio between the money market
rate and the bank deposit rate increases, making currency 1 more attractive to hold. As a
consequence, currency 1 appreciates and capital outflow decreases.

4.3 Exit from NIR

The results of the extension have interesting implications for an exit from NIR. In the
benchmark model, increasing the central bank deposit rate causes an appreciation of the
currency if the ratio between the money market rate and the central bank deposit rate
increases. If however the ratio decreases with an increase in the central bank deposit rate,
the currency will depreciate. However, in a NIR scenario where banks are confronted with
a zero lower bound on deposits, the model predicts that the currency will depreciate with
a decrease in the central bank deposit rate and a corresponding decrease in the money
market rate. Given that most countries that implemented NIR are currently operating
a so-called floor system where the money market rate is determined by the central bank
deposit rate, these results might be relevant, if central banks are concerned about the
effects of an exit from NIR on the exchange rate.

10Recall that in this case ρ1m = ρ1d and the money market does not clear. To see how the value of
currency 1 changes, I therefore look at the change in the supply in money market 1, which is determined
by the demand for currency 1 in the settlement and foreign exchange market.
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5 Conclusion

This paper develops a dynamic general equilibrium model to study the effect of NIR on
exchange rates and capital flows. The theoretical framework shows that in the absence of
a zero lower bound on retail deposit rates of banks, the effects of NIR on exchange rates
and capital flows are not inherently different from positive interest rates.

The model suggests that the decisions of FI which currency to acquire crucially depend
on the ratio between the money market rate and the central bank deposit rate. In an
equilibrium, where domestic agents only use the domestic currency, a decrease in the
deposit rate does not affect the exchange rate. However, if both currencies are used in
equilibrium, monetary policy can affect the exchange rate. If a decrease in the deposit rate
of the central bank leads to a decrease in the ratio between the money market rate and the
deposit rate, the domestic currency depreciates and capital outflow increases. If, however,
a decrease in the central bank deposit rate leads to an increase in the ratio between the
money market rate and the deposit rate, the currency becomes more attractive to use as
a means of payment. As a result, the currency appreciates and capital outflow decreases.

If FI cannot pass on the NIR to their retail deposit accounts, then the effects of a
decrease in the central bank deposit rate differ. Namely, a decrease in the central bank
deposit rate either leads to an appreciation of the domestic currency or has no effect at all.
If FI only use the domestic currency or if the central bank deposit rate does not affect the
money market rate, a decrease in the deposit rate will not affect exchange rates or capital
flows. If central banks operate a floor system where the money market rate moves with
the central bank deposit rate, then a decrease in the central bank deposit rate leads to an
appreciation of the domestic currency and a decrease in capital outflow.

It’s important to note that the model is a steady-state model and therefore the results
correspond to effects that would occur over a prolonged period of NIR. There are some
observations that suggest that this zero lower bound on retail deposits vanishes with a
prolonged period of NIR as banks start to charge NIR to firms and wealthy customers,
showing that the results of the benchmark model are still relevant in NIR periods.

The theoretical model has some limitations. It focuses on the domestic money demand
by domestic agents and abstracts from the money demand for the domestic currency arising
from foreign agents. Thus, results are likely to change to some extent if the money demand
abroad is taken into consideration. For example if a decrease in the central bank deposit
rate leads to a decrease in the ratio ρ1

m/ρ
1
d, then not only would domestic agents be less

willing to use currency 1, but also foreign agents would use currency 1 less. Thus, the
decrease in the demand for currency 1 is likely to be larger and would therefore have a larger
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effect on the exchange rate. Further, most central banks adopted NIR with exemption
thresholds, which is not considered here. The level of these exemption thresholds can vary
quite extensively across countries and may affect the relative attractiveness of different
currencies. Thus, the exchange rate might also depend on the relative levels of these
exemption thresholds.
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Appendix A

Here, I provide the formal analysis of the extension of the benchmark model discussed in
Subsection 4.2. Recall, I assume that sellers deposit their earnings at the very end of the
goods market at their bank accounts and that sellers deposit currency 1 with country 1

FI and currency 2 with country 2 FI for simplicity. Furthermore, I assume that sellers are
equally distributed among FI such that the amount of deposits that each FI receives at
the end of the goods market is identical across all FI within a country.11

Settlement and Foreign Exchange Market. VS(m1,m2, `1, `2, d1, d2, z1, z2, d1
s) de-

notes the value of a country 1 FI when entering the settlement and foreign exchange
market with d1

s units of bank deposits from sellers. The remaining variables are identical
to the benchmark model. The value function at the beginning of the settlement market is

V 1
S (m1,m2, `1, `2, d1, d2, z1, z2, d1s) = max

h,x,m1′
x− h+ VM (m′1) (31)

s.t. x+φ1m′1 +φ1
d1s
ρ1s

= h+φ1m1 +φ2m2 +φ1
d1

ρ1d
+φ2

d2

ρ2d
−φ1 `

1

ρ1`
−φ2 `

2

ρ2`
−φ1 z

1

ρ1m
−φ2 z

2

ρ2m
+φ1τM1,

where ρ1
s = 1/(1+i1s) and i1s is the interest rate sellers receive on their deposits. Rearranging

the budget constraint for x−h and plugging the expression into the value function, I obtain
the first-order condition

V m1′

M ≤ φ1 (= if m
′1 > 0). (32)

As in the benchmark model, Equation (32) implies that all FI enter the money market with
identical currency 1 holdings, yielding a degenerate distribution of currency 1 holdings. The
envelope conditions satisfy

V m1

S = φ1, V m2

S = φ2, V `j

S = −φ
j

ρj`
, V dj

S =
φj

ρjd
, V zj

S = − φ
j

ρjm
, V

d1s
S = −φ

1

ρ1
s

, (33)

for j = 1, 2.

Money and Goods Market. Sellers choose how many goods to produce and sell for
currency 1 and currency 2. Sellers deposit their earnings at bank accounts held with FI at
the end of the goods market and receive an interest rate ijs for j = 1, 2 on their deposits.
It is straightforward to show that sellers are indifferent as to which currency to accept and
how much to produce if

βφ1
+1

p11

ρ1
s

= βφ1
+1

p12

ρ2
s

= 1 (34)

11As mentioned above, this extension follows Berentsen and Ruprecht (2020).
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holds. The relevant interest rate is now the interest rate sellers receive on their deposits
held with FI.

The maximization problem of a ε-FI is identical to the benchmark model and is there-
fore omitted for brevity.

Lemma 5. There exist two critical values ε1
d′ , ε

1
M ′ for country 1 FI. If ρ1

m/ρ
1
s ≥ ρ2

m/ρ
2
s,

then a FI with 0 ≤ ε ≤ ε1
d′ lends currency 1 in money market 1 and a FI with ε > ε1

d′

borrows currency 1 in money market 1. If ρ1
m/ρ

1
s < ρ2

m/ρ
2
s, then a FI with 0 ≤ ε ≤ ε1

d′

lends currency 1 in money market 1, a FI with ε1
d′ < ε ≤ ε1

M ′ borrows currency 1 in money
market 1 and a FI with ε > ε1

M ′ borrows currency 2 in money market 2. The critical values
ε1
d′ and ε

1
M ′ satisfy

ε1
d′ =

m1

p11

ρ1
s

ρ1
m

, (35)

ε1
M ′ =

βφ2
+1

k2b
ρ2m

log
(
ρ2m
ρ2s

)
− log

(
ρ1m
ρ1s

) . (36)

The quantity borrowed and lent by a FI in the money market with liquidity shock ε and
the quantity of goods consumed by the FI satisfy:

qε = ε
ρ1
m

ρ1
s

, z1
ε = p11 ρ

1
m

ρ1
s

(ε− ε1
d′), ∀ε, (37)

if ρ1
m/ρ

1
s ≥ ρ2

m/ρ
2
s. The quantity borrowed and lent by a FI in the money market with

liquidity shock ε and the quantity of goods consumed by the FI satisfy:

qε = ε
ρ1
m

ρ1
s

, z1
ε =p11 ρ

1
m

ρ1
s

(ε− ε1
d′) z2

ε =0, if 0 ≤ ε ≤ ε1
M ′

qε = ε
ρ2
m

ρ2
s

, z1
ε =m1, z2

ε =
p12

e+1

ρ2
m

ρ2
s

ε, if ε > ε1
M ′ ,

(38)

if ρ1
m/ρ

1
s < ρ2

m/ρ
2
s.

The proof of Lemma 5 can be found in Appendix C.2.

Assumption 3. I assume further that the cost of accessing the foreign money market k2
b

now satisfies

k2
b > k2

b′ = ε1
d

(
log

(
ρ2
m

ρ2
s

)
− log

(
ρ1
m

ρ1
s

))
ρ2
m

βφ2
+1

,

which ensures that ε1
M ′ > ε1

d′ .
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Equilibrium. Again, I focus on stationary and symmetric equilibria with a strictly posi-
tive demand for currency 1 and a positive initial money stock, M j

0 > 0 for j = 1, 2. Recall,
γ1 = M1

+1/M
1 is the gross growth rate of the money stock of currency 1. Such equilib-

ria meet the following requirements: (i) the decisions of sellers and FI are optimal given
prices; (ii) The decisions are symmetric across sellers and symmetric across FI with the
same ε-shock; (iii) All markets clear; (iv) All real quantities remain constant over time;
(v) The law of motion for the stock of currency 1, Equation (16), holds in each period.

Denote qjks′ is the amount sold by sellers in country j for currency k. For ρ1
m/ρ

2
s < ρ2

m/ρ
2
s

the goods market clearing conditions in country 1 satisfies

q11
s′ =

∫ ε1
M′

0

(
ε
ρ1
m

ρ1
s

)
dF (ε),

q12
s′ =

∫ ∞
ε1
M′

(
ε
ρ2
m

ρ2
s

)
dF (ε).

(39)

For ρ1
m/ρ

1
s ≥ ρ2

m/ρ
2
s, the goods market clearing condition satisfies

q11
s′ =

∫ ∞
0

(
ε
ρ1
m

ρ1
s

)
dF (ε). (40)

As in the benchmark model, denote (ρ1
m)u the money market rate in money market

1 that would result in equilibrium, if the money market rate were not affected by the
standing facilities (ρ1

` , ρ
1
d). Recall, n21z21 denotes the constant amount that country 2 FI

borrow in money market 1.

The money market clearing conditions is∫ ε1
d′

0
p11 (ρ1

m)u

ρ1
s

(ε1
d′ − ε)dF (ε) +

∫ ∞
ε1
M′

m1dF (ε) =

∫ ε1
M′

ε1
d′

p11 (ρ1
m)u

ρ1
s

(ε− ε1
d′)dF (ε) + n21z21.

(41)
for ρ1

m/ρ
1
s < ρ2

m/ρ
2
s.

For ρ1
m/ρ

1
s ≥ ρ2

m/ρ
2
s, the money market clearing conditions is

∫ ε1
d′

0
p11 (ρ1

m)u

ρ1
s

(ε1
d′ − ε)dF (ε) =

∫ ∞
ε1
d′

p11 (ρ1
m)u

ρ1
s

(ε− ε1
d′)dF (ε) + n21z21. (42)
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Rewriting the money market clearing condition for both cases yields

ρ1
m =


ρ1
d, if D1(ρ1

d) < S1(ρ1
d)

ρ1
` , if D1(ρ1

` ) > S1(ρ1
` )

(ρ1
m)u, otherwise,

(43)

where D1 denotes the demand and S1 denotes the supply in money market 1.

Proposition 6. If ρ1
m/ρ

1
s < ρ2

m/ρ
2
s, then a symmetric and stationary equilibrium with a

positive demand for reserves is a policy (ρ1
d, ρ

1
` ) and endogenous variables (ε1

d′ , ε
1
M ′ , ρ

1
m)

satisfying Equations (36), (43), and

γ1ρ1
s

β
=

∫ ε1
M′

0

ρ1
s

ρ1
m

dF (ε) +

∫ ∞
ε1
M′

ρ2
s

ρ2
m

dF (ε) (44)

If ρ1
m/ρ

1
s ≥ ρ2

m/ρ
2
s, then a symmetric and stationary equilibrium with a positive demand

for reserves is a policy (ρ1
d, ρ

1
` ) and endogenous variables (ε1

d′ , ρ
1
m) satisfying Equations (43),

and
γ1ρ1s
β

=

∫ ∞

0

ρ1s
ρ1m

dF (ε). (45)

The proof of Proposition 6 is in Appendix C.2. In a type II equilibrium, Proposition
6 determines endogenous variables (ρ1

m, ε
1
d′ , ε

1
M ′). In a type I equilibrium, Proposition 6

determines endogenous variables (ρ1
m, ε

1
d′). The rest is determined as follows: Equation (1)

determines the exchange rate e+1 and Equation (34) determines φ1
+1 in a type I equilibrium

and φ1
+1 and p12 in a type II equilibrium. The quantity of goods produced is determined

by Equation (40) in a type I equilibrium and by Equation (39) in a type II equilibrium.
The quantities consumed are determined in Lemma 5. Market clearing for currency 1 in
the settlement and foreign exchange market requires

∫∞
0 m1dF (ε) = m1 or m1 = M1. It

is further convenient to normalize M1 = 1, such that Equation (35) determines the price
level 1/p11.
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Appendix B

Proof of Lemma 1. Combining Equations (7) and (8) yields

εu′(qε) = βφ1
+1p

11 1

ρ1
m

.

Using Equation (6) and u(qε) = log(qε), the quantity consumed satisfies

qε = ε
ρ1
m

ρ1
d

.

Since consumption is strictly increasing and linear in ε, there exists a ε1
d for which a

country 1 FI is indifferent between borrowing and lending currency 1 in the money market
1. This FI has brought the exact amount of currency 1 into the money market to finance
their desired quantity of the consumption good. The quantities consumed for this FI
satisfies

qε1d
=
m1

p11
.

The consumption of this FI satisfies qε1d = ε1
d
ρ1m
ρ1d

= m1

p11
. Solving for the critical value ε1

d

yields

ε1
d =

m1

p11

ρ1
d

ρ1
m

.

The amount borrowed or lent out by a FI, who chose to enter money market 1 can
be derived from the budget constraint, m1 + z1

ε = p11qε. Plugging in the expression for
consumption and rearranging yields

z1
ε = p11 ρ

1
m

ρ1
d

(
ε− ε1

d

)
.

For FI that have chosen to borrow in money market 2, there are two options: First,
the FI can spend the money holdings m1 on consumption or second, the FI can lend out
money holdings m1 in money market 1 and finance its consumption only from borrowing
in the money market 2. Denote qjkε , the amount of goods purchased with in country j with
currency k.

First, I solve for the first option. In this case, m1 = p11q11
ε has to hold. The quantities

consumed can be derived from combining Equations (10) and (11), which yields

εu′(qε) = βφ1
+1p

12 1

ρ2
m

.
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Using Equation (6) and u(qε) = log(qε), the quantity consumed satisfies

qε = ε
ρ2
m

ρ2
d

.

The amount borrowed or lent can be derived from the budget constraint p11q11
ε +

p12

e+1
q12
ε + k2

b = m1 + z2
ε . As stated before m1 = p11q11

ε and the budget constraint simplifies

to p12

e+1
q12
ε + k2

b = z2
ε . Note further, qε = ερ2

m/ρ
2
d = q11

ε + q12
ε . Rearranging the budget

constraint yields the amount borrowed in money market 2,

z2
ε =

p12

e+1

(
ε
ρ2
m

ρ2
d

− m1

p11

)
+ k2

b .

In the second option, the FI lends out its currency 1 holdings in money market 1,
z1
ε = m1/p11. Thus, (p12/e+1)q12

ε + k2
b = z2

ε .

From Equations (10) and (11), the quantities consumed satisfy

qε = ε
ρ2
m

ρ2
d

.

The amount borrowed and lent in the two money markets satisfy

z1′
ε =

m1

p11
, z2′

ε =
p12

e+1
ε
ρ2
m

ρ2
d

+ k2
b .

FI are indifferent between the two options if the value of taking the first option is equal to
the value of taking the second option for a given ε. Thus,

εu(qε)− βφ2
+1z

2
ε/ρm = εu(qε)− βφ1

+1z
1′
ε /ρ

1
m − βφ2

+1z
2′
ε /ρ

2
m.

Rearranging yields
ρ2
m

ρ2
d

=
ρ1
m

ρ1
d

.

Note, for ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, the value of accessing money market 1 is always larger than the

value of accessing money market 2. Therefore, if FI choose to access money market 2, it
must be that ρ1

m/ρ
1
d < ρ2

m/ρ
2
d. Thus, for a FI that chooses to access money market 2, it is

always optimal to lend money holdings m1 in money market 1 and finance the quantities
consumed by borrowing from money market 2. Thus z1

ε = m1 and z2
ε = (p12/e+1)ε(ρ2

m/ρ
2
d).

Further, depending on the relative ratio of the money market rate and the deposit
rate, there may exist a critical value ε1

M for which a ε-FI is indifferent between accessing
money market 1 and money market 2. Here, we can distinguish between two cases. First,
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if ρ1
m/ρ

1
d < ρ2

m/ρ
2
d, there exists a critical value ε1

M , for which a ε-FI is indifferent between
accessing money market 1 and money market 2. The critical value ε1

M satisfies

ε1
Mu(qε1M

) + βVS(m1 + z1
ε1M
− p11q1

ε1M
, 0, 0, 0, 0, z1

ε1M
, 0)

= ε1
Mu(qε1M

) + βVS(m1 + z1
ε1M
, z2
ε1M
− p12

e+1
q12
ε1M
− k2

b , 0, 0, 0, 0, z
1
ε1M
, z2
ε1M

).

Using the equations for the quantities consumed and borrowed in the money market as
well as εu(qε) = εlog(qε) yields

ε1
M =

βφ2
+1

k2b
ρ2m

log
(
ρ2m
ρ2d

)
− log

(
ρ1m
ρ1d

) .
Note further, for small values of k2

b , ε
1
d > ε1

M . This implies that some FI who lend currency
1 in money market 1 would prefer to lend money in money market 2. Since these FI only
carry currency 1, this is however not possible. Therefore for

k2
b > ε1

d

(
log

(
ρ2
m

ρ2
d

)
− log

(
ρ1
m

ρ1
d

))(
βφ2

+1/ρ
2
m

)−1
= k2

b ,

ε1
M > ε1

d holds. Second, for ρ
1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, ε

1
M is either indeterminate or negative. Thus,

for ρ1
m/ρ

1
d ≥ ρ2

m/ρ
2
d, there exists no critical value ε1

M . �

Proof of Proposition 2. The following proof shows the derivation of Equation (22) and
(23). First, the value function at the beginning of the money market for a country 1 FI
satisfies

VM (m1) = max
qε,z1ε ,z

2
ε ,`

1
ε,`

2
ε,d

1
ε,d

2
ε

∫ ∞
0

εu(qε) + βVS(m1,m2, `1ε, `
2
ε, d

1
ε, d

2
ε, z

1
ε , z

2
ε )dF (ε).

s.t. m1 + z1
ε + `1ε − p11q11

ε − d1
ε ≥ 0, z2

ε + `2ε −
p12

e+1
q12
ε − k2

b − d2
ε ≥ 0.

Taking the derivative with respect to money holdings m1 yields

V m1

M (m1) =

∫ ∞
0

βV m
S (m1+z1ε+`

1
ε−p11q11ε −d1ε, z2ε+`2ε−

p12

e+1
qε−k2b−d2, `1ε, `2ε, d1ε, d2ε, z1ε , z2ε |ε)+βφ1

+1λ
11
ε dF (ε).

Using Equation (5) to replace V m
S and Equation (7) to replace βφ1

+1λ
11
ε , I obtain

V m1

M (m1) =

∫ ∞
0

εu′(qε)

p11
dF (ε).
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Next, using Equation (6) to replace p11 yields

V m1

M (m1) =
βφ1

+1

ρ1
d

∫ ∞
0

εu′(qε)dF (ε).

Using φ1

φ1+1
= γ1 and Lemma 1, I obtain Equation (22), which is reproduced here:

γ1ρ1
d

β
=

∫ ε1M

0

ρ1
d

ρ1
m

dF (ε) +

∫ ∞
ε1M

ρ2
d

ρ2
m

dF (ε),

for ρ1
m/ρ

1
d < ρ2

m/ρ
2
d. And for ρ1

m/ρ
1
d > ρ2

m/ρ
2
d, I obtain Equation (23), which is reproduced

here:
γ1ρ1

d

β
=

∫ ∞
0

ρ1
d

ρ1
m

dF (ε).

�

Proof of Proposition 3. Setting ρ1
d = β

γ1
and plugging this into Equation (22) yields

1 =

∫ ε1M

0

ρ1
d

ρ1
m

dF (ε) +

∫ ∞
ε1M

ρ2
d

ρ2
m

dF (ε).

This equation holds if and only if ε1
d →∞ and ρ1

d = ρ1
m, since

ρ1d
ρ1m
≥ 1 and ρ2d

ρ2m
≥ 1. Thus,

the right-hand side cannot be smaller than one. Then, if ε1
d → ∞, ε1

M → ∞ must hold
and the equation approaches

1 =

∫ ∞
0

β

γ1ρ1
m

dF (ε) +

∫ ∞
∞

ρ2
d

ρ2
m

dF (ε).

This means that ρ1
m →

β
γ1

as ε1
d → ∞. Similarly, plugging in ρ1

d = β
γ1

in Equation (23)
yields

1 =

∫ ∞
0

ρ1
d

ρ1
m

dF (ε).

Again, this equations holds if and only if ρ1
m = ρ1

d. �

Proof of Proposition 4. Using Equation (23) and solving for ρ1
m yields

ρ1
m =

β

γ1

∫ ∞
0

dF (ε).

Plugging this into Equation (20), using Equation (6) and
∫∞

0 dF (ε) = 1 yields
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φ1m1 =

∫ ∞
0

εdF (ε) + n21z21.

�

Proof of Lemma 5. Using Equations (7) and (8) yields

εu′(qε) = βφ1
+1p

11 1

ρ1
m

.

Using Equation (34) and u(qε) = log(qε), the amount consumed satisfies

qε = ε
ρ1
m

ρ1
s

.

Denote ε1
d′ the critical value for which a FI is indifferent between borrowing and lending

in money market 1. The quantities consumed for this FI satisfies therefore

qε1
d′

=
m1

p11
.

In addition, the consumption of this FI satisfies qε1
d′

= ε1
d′
ρ1m
ρ1s

= m1

p11
. Solving for the critical

value ε1
d′ yields

ε1
d′ =

m1

p11

ρ1
s

ρ1
m

.

Using the budget constraint m1 + z1
ε = p11qε, I solve for the amount borrowed or lent.

Rearranging yields

z1
ε = p11 ρ

1
m

ρ1
s

(
ε− ε1

d′
)
.

As shown above, FI that choose to access money market 2 prefer to lend their currency
1 holdings in money market 1 and borrow in money market 2. Thus, z1

ε = m1/p11 and
(p12/e+1)q12

ε + k2
b = z2

ε .

From Equations (10), (11) and (34), the quantities consumed satisfy

qε = ε
ρ2
m

ρ2
s

.

Thus, the amount borrowed and lent in the two money markets satisfy

z1
ε =

m1

p11
, z2

ε =
p12

e+1
ε
ρ2
m

ρ2
s

+ k2
b .
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Next, I derive the critical value ε1
M ′ for which a FI is indifferent between accessing

money market 1 and money market 2. The critical value ε1
M ′ satisfies

ε1
M ′u(qε1

M′
) + βVS(m1 + z1

ε1
M′
− p11q11

ε1
M′
, 0, 0, 0, 0, z1

ε1
M′
, 0)

= ε1
M ′u(qε1

M′
) + βVS(m1 + z1

ε1
M′
, z2
ε1
M′
− p12

e+1
q12
ε1
M′
− k2

b , 0, 0, 0, 0, z
1
ε1
M′
, z2
ε1
M′

).

Using the equations for consumption and the amount borrowed or lent yields

ε1
M ′ =

βφ2
+1

k2b
ρ2m

log
(
ρ2m
ρ2s

)
− log

(
ρ1m
ρ1s

) .
Moreover, for

k2
b > ε1

d′

(
log

(
ρ2
m

ρ2
s

)
− log

(
ρ1
m

ρ1
s

))(
βφ2

+1/ρ
2
m

)−1
= k2

b′ ,

ε1
M ′ > ε1

d′ holds. �

Proof of Proposition 6. Here, I derive Equations (45) and (44). Taking the derivative of
the value function at the beginning of the money market for country 1 FI with respect to
m1 yields

V m1

M (m1) =

∫ ∞
0

βV m
S (m1+z1ε+`

1
ε−p11q11ε −d1ε, z2ε+`2ε−

p12

e+1
qε−k2b−d2, `1ε, `2ε, d1ε, d2ε, z1ε , z2ε , d1s|ε)+βφ1

+1λ
11
ε dF (ε).

Using Equation (5) to replace V m
S and Equation (7) to replace βφ1

+1λ
11
ε , I obtain

V m1

M (m1) =

∫ ∞
0

εu′(qε)

p11
dF (ε).

Next, using Equation (34) to replace p11 yields

V m1

M (m1) =
βφ1

+1

ρ1
s

∫ ∞
0

εu′(qε)dF (ε).

Replacing φ1

φ1+1
= γ1 and using Lemma 5 yields

γ1ρ1
s

β
=

∫ ε1
M′

0

ρ1
s

ρ1
m

dF (ε) +

∫ ∞
ε1
M′

ρ2
s

ρ2
m

dF (ε),

for ρ1
m/ρ

1
s < ρ2

m/ρ
2
s, which is Equation (44). For ρ1

m/ρ
1
s ≥ ρ2

m/ρ
2
s and using Lemma 5, I

x



obtain
γ1ρ1

s

β
=

∫ ∞
0

ρ1
s

ρ1
m

dF (ε),

which is Equation (45). �

xi
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