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1 Optimal plans with CARA utility

A household has the utility function

u (c) = − 1
γ

exp (−γc)

and discounts the future at rate β. We allow consumption to take any value, even negative.
The sequential budget constraint is

at+1 = Rat − ct

with R = 1
β and the borrowing constraint is

at+1 ≥ 0

1. Set up the sequence problem that this household solves for a given a0 > 0.

2. Consider the following plan:
at+1 = Rat ∀t

Show that if the household follows this plan, then the Euler equation will be satisfied.

3. Show that if the household follows this plan, then the transversality condition from
our ”Dynamic Optimization” notes will not be satisfied.

4. Find a plan that will achieve higher value than the proposed plan.

2 Transversality Condition with CRRA utility

Consider a household with CRRA utility

u (c) =
c1−σ

1− σ
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and discount factor β. Each period, the household receives a constant income y and saves/borrows
at the constant interest rate R = 1 + r, so the dynamic budget constraint is

at+1 = y− ct + (1 + r) at ∀t.

Suppose there is an exogenous borrowing limit at ≥ −B.

1. Set up the sequence problem that this household solves for a given a0 > 0, using the
notation from class (and in our “Dynamic Optimization” notes), writing xt for at and
defining F, Γ, X.

2. Observe that this problem does not satisfy Assumption 2 from our notes, namely that
xt ≥ 0. Rewrite the problem using some transformed state variable zt instead of xt

such that the assumption is satisfied.

3. Derive the Euler equation of this problem and show that it implies

ct+1

ct
= [β (1 + r)]

1
σ ∀t

4. Show that there is a unique feasible plan such that the Euler equation holds and the
transversality condition holds.

5. Argue that this must be the unique optimal plan.

6. Find the value of c0 for the optimal plan.

3 Finding value functions through “guess-and-verify”

A consumer maximizes
∞

∑
t=0

βt c1−σ
t

1− σ

subject to initial wealth a0 (which is given), a budget constraint

at+1 = R (at − ct)

and a borrowing limit.
The gross interest rate R = 1 + r is constant. Assume βR1−σ < 1. The budget equation

is written recursively: the consumer comes into the period with wealth at and consumes ct,
and thus saves at − ct for next period. The wealth at+1 next period is savings times interest
earned on the savings. Note that we are assuming here that interest is accrued at the end of
the period only, in contrast to the previous problems and to how we wrote things in class.

1. What is the natural borrowing limit?
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2. Put this problem into the notation used in class (and in SLP), i.e., define F, Γ, X. Write
down the Bellman equation for this problem (including the borrowing limit). What is
the state variable?

3. Guess that the value function has the same form as the utility function

V (x) = A
x1−σ

1− σ
,

where x is the state variable you defined above.

Verify that this value function is indeed valid (i.e., it solves the Bellman equation), and
provide an expression for A. Derive the policy function G : X → X.

4. Show that the limiting conditions for Theorems 4.3 and 4.5 in SLP are satisfied, so
that the solution to the Bellman equation is indeed the value function for the sequence
problem and a plan generated from solving the Bellman equation is indeed optimal.

5. How does the optimal policy function change with β, σ, and R?
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