
Problem Set 5

Florian Scheuer

TA: Carlo Zanella

1 Loose Ends from Class

1.1 Permanent Income Hypothesis

Recall the deterministic consumption-savings problem with sequential budget constraint

at+1 = Rat + yt − ct

and a constant interest rate R, which we used in class to motivate the PIH.
Show that, for all t,

∞

∑
s=0

R−sys = Rat + yt +
∞

∑
s=1

R−syt+s,

which is the result we used in class.

1.2 Proof of Upper Bound on Wealth

Complete the proof of the result we showed in class, which states that there is an upper bound
on wealth in the income fluctuations problem with βR < 1 and limc→∞−u′′(c)

u′(c) = 0.

1. Show that the borrowing constraint does not bind for sufficiently high x

2. Show that c (x) is increasing

3. Show that limx→∞ c (x) = ∞

1.3 Invariant Distribution

Consider the following special case of the income fluctuations problem we saw in class:

• There are two possible levels of income for the household: yH > yL > 0 .
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• Income is iid

• The borrowing limit is b = 0.

• Preferences are

u (c) =
c1−σ

1− σ

• βR < 1

1. Set up the household’s problem recursively, using cash-in-hand (which we denoted x in
class) as a state variable. [This is just repeating what we did in class.]

2. Prove that x follows a Markov process.

3. Recall SLP’s “Condition M” from our notes on “Stochastic Dynamic Programing and
Markov Processes” and show that it is satisfied. (Hint: argue that there exists a recur-
rent point for x).

4. Use this and the results from class to argue that the Markov process for x converges to an
invariant distribution.

2 Precautionary Savings in General Equilibrium

Let utility be given by:

E
∞

∑
t=0

βtu (ct)

where u (c) = − 1
γ exp {−γc} . Assume the intertemporal budget constraint

At+1 = (1 + r) (At + yt − ct) .

(note: we do not necessarily impose β (1 + r) = 1 here). Assume that yt is i.i.d. across time
and agents. Let yt = ȳ + εt where εt is i.i.d. and Et−1εt = 0. We do not impose a borrowing
constraint on this problem, At can take any value, although a no-Ponzi condition should be
thought as being implicitly imposed for the problem to be well defined (you will not have to
think about this no-Ponzi condition explicitly for solving the problem though).

1. Show that the consumption function

ct =
r

1 + r

[
At + yt +

1
r

ȳ
]
− π (r, γ)
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for some π (r, γ) implies

∆ct =
r

1 + r
[yt − ȳ] + rπ (r, γ) .

Note that the functional form of the consumption function, as a function of At and current
and expected income, is like the CEQ-PIH except for the constant π (r, γ).

2. Use the Euler equation and your results in 1. to show that the consumption function in 1.
is optimal for some π (hint: use the Euler equation to guess and verify the optimality of
the above consumption function), which depends on r and the distribution of ε.

3. Show that π (r, γ) > 0 if r is such that β (1 + r) = 1. Compare this to the CEQ-PIH case.
How does π depend on the uncertainty in yt?

4. Assume there is a constant measure 1 of individuals in the population. Argue that for
aggregate consumption and assets to be constant and finite in the long run (in the limit
as t → ∞), we require that π (r, γ) = 0. What does this imply about average long-run
asset holdings as a function of r and γ (denote this by A (r, γ))? What is happening to the
cross-section of consumption? Does this distribution converge?

5. Use your results in 4. to compute the equilibrium interest rate re as a function of γ for β =

.97, ȳ = 1. Assume ε to be normally distributed with mean zero and standard deviation
equal to σ (this distributional assumption allows you to find an explicit expression for
E exp (−ε)). Compute re for two cases, σ = 0.2 and 0.4 , fixing γ =1. Compare this to the
interest rate that prevails without uncertainty. Explain.

6. Briefly discuss how you would think of calibrating γ if you really believed that prefer-
ences are CRRA, with u(c) = c1−σ/ (1− σ) for some known value of σ, but you want to
work with this model as an approximation (because of its analytical tractability). Specu-
late on whether this is likely to be a good approximation for learning about re. Can this
be a good approximation for learning about the long-run (invariant) distribution of asset
holdings?
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