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Non-Linear Capital Taxation

1 Setup

• so far: representative agents, ex ante heterogeneity, aggregate uncertainty

• we now consider idiosyncratic uncertainty that is not only ex ante, but unfolds over
time

• skill shocks or preference shocks

• start with finite horizon: t = 0, 1

• preferences U(c0, c1(s), y(s)/s)

• interpretation: skill shock s realized in period 1. Consumption decision c0 in period
0 is made before the shock is realized

• note difference to time-0 shock (ex ante heterogeneity) as considered so far. Then
preferences would be U(c0(s), c1(s), y(s)/s) and under separability, the Atkinson-
Stiglitz (1976) theorem would rule out the optimality of a capital tax.

• with the period-1 shock, we will find a downward distortion of saving to be optimal.

• technology: linear storage with rate of return R∗ = 1/q, so that the aggregate re-
source constraint is

c0 + q ∑
s

c1(s)p(s) ≤ q ∑
s

y(s)p(s). (1)

2 First Best

•
max

c0,c1(s),y(s)
∑

s
U(c0, c1(s), y(s)/s)p(s)

s.t. (1)

• FOCs for [c0]

E[Uc0(c0, c1(s), y(s)/s)] = λ

1



and for [c1(s)]
Uc1(s)(c0, c1(s), y(s)/s) = λq

hence
E[Uc0(c0, c1(s), y(s)/s)] = R∗Uc1(s)(c0, c1(s), y(s)/s) ∀s

full insurance

• taking expectations on both sides

E[Uc0(c0, c1(s), y(s)/s)] = R∗E[Uc1(s)(c0, c1(s), y(s)/s)]. (2)

• for instance, if U(c0, c1(s), y(s)/s) = u(c0) + βu(c1(s))− h(y(s)/s), then we obtain
the usual Euler equation

u′(c0) = βR∗E[u′(c1(s))]

and c1(s) = c1 for all s.

3 Free Saving

• free saving with non-linear income tax T(Y):

max
c0,c1(s),y(s)

∑
s

U(c0, c1(s), y(s)/s)p(s)

s.t.
c0 + k1 ≤ e

c1(s) ≤ y(s)− T(y(s)) + Rk1 ∀s

• FOCs and R = R∗ yields the Euler equation (2)

• if agents can freely decide how much to save in a risk-free asset with return R = R∗,
we obtain the Euler equation as in the first best

4 Second Best

• suppose s is private information and agents make reports r = σ(s), where σ denotes
the reporting strategy

• truth-telling: σ∗(s) = s ∀s
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• denote
cσ

1 (s) = c1(σ(s))

and
yσ(s) = y(σ(s))

• the set of incentive constraints is

E[U(c0, c1(s), y(s)/s)] ≥ E[U(c0, cσ
1 (s), yσ(s)/s)] ∀σ, s

• this is equivalent to

U(c0, c1(s), y(s)/s) ≥ U(c0, c1(r), y(r)/s) ∀r, s (3)

• the second best (dynamic Mirrlees) problem is

max
c0,c1(s),y(s)

E[U(c0, c1(s), y(s)/s)] (4)

s.t. (1) and (3)

4.1 Feasible Variations

• (1) and (3) denote the set F of feasible allocations, i.e.

F ≡ {(c0, c1(s), y(s)) |(c0, c1(s), y(s)) satisfies (1) and (3)} .

• key question: is free saving feasible? formally, if (c0, c1(s), y(s)) ∈ F , does this
imply that (c0 − ∆, c1(s) + R∗∆, y(s)) ∈ F as well, for some small ∆ ∈ R?

• in other words, if the agent saves a little in period 0 (∆), is she still willing to supply
the same output (i.e. not lie about s)?

• depends on income effects in general

• for instance, suppose

U(c0, c1(s), y(s)/s) = Û(c0, c1(s)− h(y(s)/s)).

then given c0, just maximize c1(s)− h(y(s)/s). There are no income effects due to
quasilinearity, and the above variation is feasible.
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• easier to see using (3):

Û(c0 − ∆, c1(s) + R∗∆− h(y(s)/s)) ≥ Û(c0 − ∆, c1(r) + R∗∆− h(y(r)/s))

if and only if

c1(s) + R∗∆− h(y(s)/s) ≥ c1(r) + R∗∆− h(y(r)/s)

if and only if
c1(s)− h(y(s)/s) ≥ c1(r)− h(y(r)/s),

which is implied by the original allocation being feasible, i.e. (c0, c1(s), y(s)) ∈ F

• but in general, saving in period 0 has a negative income effect on labor supply in
period 1 (if leisure is a normal good)

• e.g. consider preferences

U(c0, c1(s), y(s)/s) = u(c0) + βu(c1(s))− h(y(s)/s).

Then additive separability and concavity of u(.) imply that leisure is normal (output
is “inferior”) and so the variation above is no longer feasible.

• free saving is not feasible with these preferences due to negative income effect on
labor supply

• can we find a feasible variation?

• consider
(c0 − ∆, c1(s) + δ(∆, s), y(s)) (5)

with δ(∆, s) chosen such that (3) is satisfied:

u(c0 − ∆) + βu(c1(s) + δ(∆, s)) = u(c0) + βu(c1(s)) + A(∆) ∀s, ∆ (6)

for some A(∆), and such that it is resource neutral:

−∆ + q ∑
s

δ(∆, s)p(s) = 0 ∀∆ (7)

• with the “free saving” variation, we had δ(∆, s) = −R∗∆ independent from s, which
was not feasible
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• verify that the variation maintains incentive compatibility:

u(c0 − ∆) + βu(c1(s) + δ(∆, s))− h(y(s)/s)

≥ u(c0 − ∆) + βu(c1(r) + δ(∆, r))− h(y(r)/s)

if and only if (using (6))

u(c0) + βu(c1(s)) + A(∆)− h(y(s)/s) ≥ u(c0) + βu(c1(r)) + A(∆)− h(y(r)/s)

if and only if

u(c0) + βu(c1(s))− h(y(s)/s) ≥ u(c0) + βu(c1(r))− h(y(r)/s),

which holds true since the original allocation was assumed to be feasible and thus
incentive compatible.

• key: given separability, all that matters for incentive compatibility is the total util-
ity from consumption. If this is varied independently from s, incentive constraints
remain satisfied.

4.2 Inverse Euler Equation

• Suppose the original allocation (c0, c1(s), y(s)) solves the second best problem (4) s.t.
(1) and (3). Then, since the variation (5) is feasible as just shown, it cannot improve
the objective (4).

• formally,

0 = arg max
∆

∑
s

p(s) [u(c0 − ∆) + βu(c1(s) + δ(∆, s))− h(y(s)/s)]

= arg max
∆

∑
s

p(s) [u(c0) + βu(c1(s)) + A(∆)− h(y(s)/s)]

= arg max
∆

A(∆),

where we used (6)

• FOC A′(0) = 0
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• next, from (6), δ(∆, s) has to be such that

−u′(c0) + βu′(c1(s))
∂δ(∆, s)

∂∆

∣∣∣∣
∆=0

= A′(0),

which can be rearranged to

∂δ(∆, s)
∂∆

∣∣∣∣
∆=0

=
u′(c0) + A′(0)

βu′(c1(s))
=

u′(c0)

βu′(c1(s))
∀s (8)

• finally, the condition for resource neutrality of the variation, (7), implies that

−1 + q ∑
s

p(s)
∂δ(∆, s)

∂∆

∣∣∣∣
∆=0

= 0

and using (8) yields
1

u′(c0)
=

1
βR∗ ∑

s

p(s)
u′(c1(s))

(9)

• with separable preferences, an optimal allocation has to satisfy (9), which is called
the inverse Euler equation (Diamond/Mirrlees 1978, Rogerson 1985, Golosov et al.
2003)

• note this is only a necessary condition for the optimality of the allocation. In par-
ticular, it does not address the optimality of y(s), as we kept incentives for output
fixed in the underlying variation

• (9) implies that the Euler equation

u′(c0) = βR∗∑
s

p(s)u′(c1(s)) (10)

is violated at the optimum (unless c1(s) is deterministic)

• (9) implies that, at the optimum,

u′(c0) =

[
1

βR∗ ∑
s

p(s)
u′(c1(s))

]−1

= βR∗
(

E

[
1

u′(c1(s))

])−1

and by Jensen’s inequality and convexity of the function f (x) = 1/x,

u′(c0) < βR∗E[u′(c1(s))]
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• the optimal allocation is incompatible with free saving: saving is discouraged

• intuition: saving in period 0 increases income in period 1 across all shocks s →
negative income effect on y (see graph)→ planner wants to discourage this

• implications for capital taxation, but study distinction between the wedge derived
here and actual tax implementations later

4.3 Dual Approach

• consider allocation in terms of utils

u0 ≡ u(c0), u1(s) ≡ u(c1(s))

• move from original allocation (u0, u1(s)) to variation (ũ0, ũ1(s)) such that

u0 + βu1(s) = ũ0 + βũ1(s) ∀s (11)

• in particular, set
ũ0 = u0 − β∆

and
ũ1(s) = u1(s) + ∆ ∀s,

which clearly satisfies (11)

• since the total consumption utility is unchanged under the variation for all skill
shocks, the incentive constraints are not affected:

ũ0 + βũ1(s)− h(y(s)/s) ≥ ũ1(r) + βũ1(r)− h(y(r)/s) ∀r, s

if and only if

u0 − β∆ + β(u1(s) + ∆)− h(y(s)/s) ≥ u1(r)− β∆ + β(u1(r) + ∆)− h(y(r)/s) ∀r, s

if and only if

u0 + βu1(s)− h(y(s)/s) ≥ u1(r) + βu1(r)− h(y(r)/s) ∀r, s,

which is true since the original allocation is feasible
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• the variation by construction keeps total expected utility unchanged

• consider dual problem: minimize the total resource cost of the allocation

min
∆

{
C(u0 − β∆) + q ∑

s
p(s)C(u1(s) + ∆)

}
,

where C(u) is the inverse function of u(c)

• if the original allocation (u0, u1(s)) is optimal, ∆ = 0 must solve this problem

• the FOC evaluated at ∆ = 0 is

−C′(u0)β + q ∑
s

p(s)C′(u1(s)) = 0

• use C′(u) = 1/u′(c)
1

u′(c0)
=

q
β ∑

s

p(s)
u′(c1(s))

,

which is the inverse Euler equation again (recall q = 1/R∗)

• this gives rise to another interpretation: 1/u′(c) is the resource cost of providing
some given incentives

• the inverse Euler equation requires the equalization of the expected resource cost of
providing incentives across both periods

5 Infinite Horizon

• general model with separable preferences

∑
t,st

βt [u(c(st))− h(y(st)/st)
]

Pr(st)

and st = (s0, s1, ..., st)

• agents have reporting strategies such that

rt = σt(st),
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where the truth telling strategy is such that

σ∗t (s
t) = st ∀st, t

• σt(st) denotes the history of reports induced by the strategy σt(st), i.e.

σt(st) = (r0, r1, ..., rt) = (σ0(s0), σ1(s1), ..., σt(st))

• dynamic incentive constraints

∑
t,st

βt [u(c(st))− h(y(st)/st)
]

Pr(st)

≥ ∑
t,st

βt [u(c(σt(st)))− h(y(σt(st))/st)
]

Pr(st) ∀σ

• pick some node st. Then set
ũ(sτ) = u(sτ)

for any sτ 6= st and sτ 6= (st, st+1). I.e. leave consumption utilities unchanged at any
node that is not st or any of its direct successors.

• at st, set
ũ(st) = u(st)− β∆

and
ũ(st, st+1) = u(st, st+1) + ∆ ∀st+1

• key: if the initial allocation was incentive compatible, the perturbed one is also in-
centive compatible. Moreover, the perturbed allocation does not change the total
expected utility (from any reporting strategy σt(st), thus also from truth-telling)

• minimize expected resource cost of the perturbed allocation by choosing ∆

min
∆

C
(
u(st)− β∆

)
+ q ∑

st+1|st

Pr(st+1|st)C
(

u1(st+1) + ∆
)

• if the initial allocation is optimal, this program must be solved at ∆ = 0 with FOC

1
u′(c(st))

=
1

βR∗
E

[
1

u′(c(st+1))

∣∣∣∣ st
]
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this general inverse Euler equation has to hold for all nodes st

• implies
u′(c(st)) < βR∗E

[
u′(c(st+1))

∣∣∣ st
]
∀st,

i.e. savings need to be distorted downwards compared to the Euler equation from
free saving

• may require individualized capital taxes that keep track of the entire history of skill
shocks st such that

u′(c(st)) = βE
[
(1 + r∗(1− τk(st+1))) u′(c(st+1))

∣∣∣ st
]
∀st,

where r∗ ≡ R∗ − 1

• however, simple linear capital tax may not work

• Farhi and Werning (2011) show how to use this framework to evaluate the welfare
gains from optimal saving distortions starting from some baseline allocation, e.g.
the free saving allocation (Aiyagari 1994)

6 Implementation

• back to 2 period model, 2 shocks s ∈ {H, L}

• suppose have found the optimal allocation with consumption {c∗0 , c∗1(L), c∗1(H)}

• it satisfies the inverse Euler equation

1
u′(c∗0)

=
1

βR∗

[
pL

u′(c∗1(L))
+

pH

u′(c∗1(H))

]

• suppose we introduce a linear capital tax τk such that the Euler equation is satisfied

u′(c∗0) = βR∗(1− τk)
[
pHu′(c∗1(L)) + pHu′(c∗1(H))

]
(12)

• introduce a non-linear income tax system T0, T1(y) so that the individuals’ budget
constraints become

c0 + k1 ≤ e0 − T0
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in period 0 and
c1(s) ≤ y(s)− T1(y(s)) + (1− τk)R∗k1

in period 1

• note: very restrictive tax system where the capital tax is linear and separable from
the labor income tax

• can we find a tax system T0, T1, τk such that {c∗0 , c∗1(L), c∗1(H)} is incentive compati-
ble?

• not in general

• if we could force the agent to choose c∗0 and thus k∗1, we are back to a standard Mir-
rlees problem in period 1, so we can always find T1(y) that implements c∗1(s), y∗(s)

• suppose H’s incentive constraint is the binding one at the optimum

u(c∗1(H))− h(y∗(H)/H) = u(c∗1(L))− h(y∗(L)/H) (13)

i.e. if the agent saves optimally k∗1, truth-telling is optimal

• moreover, given truth-telling in period 1, the Euler equation (12) holds, so the agent
finds it optimal to choose optimal savings k∗1

• but: double deviation σ1(s) = L for all s ∈ {H, L} and k̃1 = k∗1 + ε

• if σ1(s) = L for all s and k1 = k∗1, then

u′(c∗0) < βR∗(1− τk)u′(c∗1(L)) (14)

due to (12) and c∗1(L) < c∗1(H)

• it is optimal to deviate to k̃1 = k∗1 + ε with ε > 0

• profitable deviation: save more in period 0 and always claim to be low type in
period 1 period

Ũ = u(c∗0 + ε) + β
[
u(c∗1(L) + R∗(1− τk)ε)− pLh(y∗(L)/L)− pHh(y∗(L)/H)

]
≈ ε

[
−u′(c∗0) + βR∗(1− τk)u′(c∗1(L))

]
+u(c∗0) + β [u(c∗1(L))− pLh(y∗(L)/L)− pHh(y∗(L)/H)]

> u(c∗0) + β [pH(u(c∗1(H))− h(y∗(H)/H)) + pL(u(c∗1(L))− h(y∗(L)/L))]
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by (13) and (14). Hence, the double deviation makes the agent better off than truth
telling under the optimal allocation that we wanted to implement.

• linear capital tax does not work in general

• solutions:

– state-dependent linear capital tax τk(s) so that

u′(c∗0) = βR∗(1− τk(s))u′(c∗1(s)) ∀s

state by state (Kocherlakota 2005). Prevents profitable double-deviations (see
problem set for more).

τk(s) = 1− u′(c∗0)
βR∗u′(c∗1(s))

is high whenever c∗1(s) is low: returns to saving are made risky so as to make
savings unattractive. τk(s) is zero in expectation so that the government does
not raise revenue with the capital tax. In general, capital taxes must be contin-
gent on the entire history of shocks.

– Albanesi and Sleet (2006): joint tax function on wealth and income T(y, k) with
iid shocks (wealth is a sufficient statistic for history of shocks with iid shocks)

– Werning (2010): non-linear capital tax works more generally , i.e. Tk(R∗kt, st)

rather than (1− τk(st))R∗kt. Moreover, with such a non-linear capital tax, one
can make it history-independent, i.e. Tk(R∗kt), (in contrast to Kocherlakota’s
implementation).
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