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1 Perfect Risk Sharing: CARA and CRRA

Consider a finite group I of individuals. Income for each individual is determined each
period as a function of the current state of nature1 st ∈ S (where S is a finite set): yi

t (st).
Denote aggregate income by Yt (st) ≡ ∑i∈I yi

t (st) . Let utility for individual i be given by
E
[
∑∞

t=0 βtui (ct)
]
, which under our assumption on uncertainty is,

∞

∑
t=0

∑
st

βtui (ct
(
st))Pr

(
st) .

Parts 1. and 2. are just a refresher from the lectures.

1. Assume that there is no aggregate savings technology, that the state of nature is ob-
servable and that there are no commitment problems.

Write out the Pareto problem for given Pareto weights
{

λi}
i∈I . Show that at the opti-

mum consumption for individual i, ci
t
(
st) , can be written as depending only on aggre-

gate income in that period – once we control for Yt (st) consumption does not depend
additionally on the history st.

2. We now generalize the previous result. Assume there is a “storage technology”: if in
period t − 1 an amount St

(
st−1) ≥ 0 was put aside for storage, then in period t an

amount (1 + rt (st)) St
(
st−1) is available (for consumption or storage) in addition to

any current income Yt (st). Show that a similar result as in (a) holds but that now we
must condition on total consumption C

(
st) ≡ ∑i∈I ci

t
(
st). (Note that we impose the

non-negativity constraint on storage, thus our result in part 1. can be thought as a
special case where rt ≡ 0 so that at the optimum St = 0 and thus Ct = Yt.)

3. Let the utility function be of the CARA form

ui (c) =
−1
γi exp

{
−γic

}
1Note that st summarizes the entire distribution of current income and possibly contains additional infor-

mation, e.g. forecasts of future income.
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show that consumption takes the form: ci
t = aiCt + bi where ai and bi are constants and

∑i ai = 1 and ∑i bi = 0. How does the distribution of γi affect ai and bi? How does the
distribution of Pareto weights λi affect ai and bi?

4. Let the utility function be of the CRRA form

ui (c) =
c1−σ

1− σ

where the risk aversion σ is assumed to be the same for all individuals. Show that
consumption takes the form ci

t = αiCt with the constants αi satisfying ∑i∈I αi = 1.
How do the constants αi depend on the Pareto weights λi?

2 Risk Sharing Productivity: c and l

Consider a social planner who maximizes the utility of a continuum of agents of measure
one ex-ante identical, with preferences over consumption and leisure

u (c, l)

where we assume that utility function u (.) is strictly concave, continuously differentiable
and increasing in both its arguments.

Agents are heterogeneous ex-post according to their productivity. They draw one non-
negative productivity parameter ω ∈ Ω independently from a known continuous distribu-
tion function F. We assume that the support Ω = [ωmin, ωmax] is compact and the density
function density function f (ω) is bounded above and bounded away from zero.

The resource constraint in this economy is∫
c(ω) f (ω)dω ≤

∫
(1− l(ω))ω f (ω)dω + e

for some endowment e ≥ 0.
Let us assume that agents’ productivity is ex-post publicly observable, so that consump-

tion and leisure can be conditioned on their ability, i.e. c (ω) and l (ω).

1. Write down the social planner problem, noting that, given that the agents are a con-
tinuum of measure one, by the law of large number, the ex-ante probability coincides
with the ex-post distribution.

2. Show that, under the given assumptions, leisure is a decreasing function of the pro-
ductivity parameter ω. Discuss.

3. Show that the dependence of consumption on the productivity parameters depends
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on the assumption on the sign of the cross-derivative ucl (short notation for ∂2u(.)
∂c∂l ).

Comment.

4. Show that assuming that leisure is a normal good is sufficient (for any sign of ucl) to
have the utility function decreasing in the productivity. Discuss the role of risk sharing.

5. Assume now that agents’ productivity is not ex-post observable anymore. Given your
result in the previous point, is the previous allocation implementable? Comment.
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