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Abstract. This paper presents a method to improve existing spatial dependence-robust inference
procedures for spatial data. Our method involves augmenting a regression specification with functions of
locations that reduce spatial correlation in regression scores and serves as a pre-whitener, followed by spa-
tial HAC inference. We provide simulation evidence that our method results in substantial improvements

in terms of statistical coverage properties for confidence intervals.
1. Introduction

There are many econometric applications in which observed variables exhibit cross sectional dependence.
Failure to account for this dependence when conducting statistical inference may, and typically does,
lead to misleading conclusions. Econometric solutions to non-parametrically allow for general forms of
cross sectional dependence in either cross section or panel data using spatial models have been around
for decades.! By non-parametric, we mean methods which allow the flexibility in modeling dependence
to be informed by the data. Operationally, non-parametric methods take as input some form of tuning

parameter choice which is a function of the data.

Early approaches like [Conley, 1999] use Heteroskedasticity and Autocovariance (HAC) covariance esti-
mators, analogous to those used in time series analysis, that involve a weighted average of sample co-
variances.? To implement these HAC estimators researchers must choose weights that determine which
covariances are included in the estimator. In scenarios where they can be applied, sample splitting/large
cluster methods like [Ibragimov and Miiller, 2010| and [Bester et al., 2011a] offer potential improvements
upon HAC-based inference but they still require a choice of clusters/groups. The most recent methods
like [Miiller and Watson, 2022] and [Sun and Kim, 2015] offer further improvements when applicable,

but still require tuning parameter choices which restrict characteristics of spatial covariance functions.

The associated tuning parameter choice potentially complicates applying any of these methods. Typi-
cally, this choice is relatively easy with modest levels of spatial correlation but becomes difficult as the

dependence in the data increases. In this paper, we introduce a simple method to make it easier to choose
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LAt least since [Conley, 1996] and [Conley, 1999]

2See for time series [Bartlett, 1950], [Andrews, 1991].



tuning parameters and apply these existing inference methods by reducing the spatial dependence in the

covariances that need to be estimated.

We illustrate our approach in a linear regression context for ease of exposition. In a linear model we
include a set of functions of locations as additional regressors. We refer to these extra regressors as spatial
basis terms. These spatial basis terms have true coefficients that are zero but they have small-sample
correlations that in effect absorb some of the spatial correlation in regression residuals and scores. This
reduces the spatial correlations in scores and makes inference easier. We refer to this reduction in spatial
dependence as pre-whitening, making scores closer to white noise. Of course, the cost to including spatial
basis terms in a regression is that it also reduces the regressor variation that identifies the coefficient(s) of
interest. The goal is to trade off a small reduction in identifying variation for an appreciable improvement
in spatial dependence inference quality. Our method is not limited to linear regression, it can be easily

applied other contexts by simply augmenting conditioning information with spatial basis terms.

We present our method in a context with spatial data indexed on the plane and presume that the
researcher has access to a vector of coordinates for each observation. We assume that there is a metric
that characterizes dependence in the data. We further assume that the data are mixing, which allows us
to prove a law of large numbers and central limit theorem. Mixing in this context means that close-by

observations can be highly dependent but as distance grows observations approach independence. 3

There are several ways to generate sensible basis functions which implement spatial pre-whitening. We
focus on B-splines as well as higher dimensional basis functions derived either directly or from tensor
products of B-splines. One dimensional B-splines are piece-wise polynomials that are nonzero only on a
finite range. An order one B-spline is a step function, and an order two B-spline is a piece-wise linear
“triangle /chevron" when non-zero, order three is a piece-wise parabola when non-zero, etc. B-spline
approximations then consist of linear combinations of a collection of these individual B-splines, suitably

spread out.

We present a theorem giving bounds for the departure of coverage probability of HAC confidence intervals
to a nominal value, e.g. 95%. The theorem defines an asymptotic frame over sequences of metric spaces
that serve as spatial indexing sets. The spaces/metrics are allowed to be non-Euclidean. We also discuss
extensions of our spatial basis approach to large cluster spatial dependence inference methods like those
of [Ibragimov and Miiller, 2010] and [Bester et al., 2011b]. We also anticipate that our method will be
complementary to bootstrap methods, e.g., [Conley et al., 2023|, and methods using multiple series with

similar covariance structure, e.g., [DellaVigna et al., 2025].

Our analysis in this paper is for data that are mixing. However, in applications where the data are best
modeled as being “trend stationary”, mixing after de-trending, our method is easily applied to de-trended
data. This includes examples in which functions of latitude and longitude have been projected out of
observed spatial variables. In practice, if the researcher does not care about identifying spatial trends

themselves, it will not be important to distinguish between spatial basis terms picking up trend variation

3There is no requirement that locations/distances be physical or geographic they can be determined by economic

considerations.



versus picking up "transitory" variation. See Conley and Kelly (2025) for many applications of our

method in circumstances both with and without spatial trends.

A related contribution is [Gongalves and Ng, 2024] who are concerned with scenarios where predictions
can be improved by augmenting estimates of a mean outcome with estimates of its associated idiosyncratic
noise. This is feasible in applications where there is correlation across observations’ idiosyncratic noises,
e.g., because they follow a time series process. Our spatial basis terms on the other hand are functions of
location, not other observations’ prediction errors. We do not model and exploit a dependence structure

between error terms.

Another related contribution is that in [Miiller and Watson, 2024], who characterize a class of spatial unit
root processes indexed on subsets of a Euclidean plane and demonstrate that classical ¢ statistics diverge
in a suitable sense. They provide a spatial demeaning operation which improves confidence interval

coverage distortion problems arising from behavior related to the spurious regression phenomenon.

In Section 2 we present notation and our basic setup, followed by a formal econometric analysis in
Section 3. In Section 4 we present a small simulation study that illustrates the inference problem we
address and how our approach is a promising solution. In Section 5, we present practical guidance for
data-driven choice of spatial pre-whitening bases. We present one method which chooses based upon a
nearest neighbor correlation criteria and an alternative method which is simulation based and similar
to the method for choosing cluster numbers in [Cao et al., 2023]. In Section 6, we present an empirical

example illustrating the application of our method. Section 7 concludes.

2. Data and Estimation

Observed data is a collection of ordered pairs of random variables, (Y;, X;) with ¢ in an indexing set S.
The X; € RP are regressors and Y; € R are outcome variables. The indexing set S is observed and has
cardinality |S| = n. S is also outfitted with a metric or distance measure d : S x .S — [0,00). d evaluated
at ¢ and j is denoted d;; The definition of d is extended to subsets A, B C S by dap = infica jen dij.
We will assume below that the data are weakly dependent and that observations ¢ and j approach

independence as d;; grows large.

We focus on estimation of the linear regression model
Y, = X{fo +ei.

The random variables €; are unobserved and fy is identified through the usual conditions that E[e; X;] = 0
and E[X;X/] is full rank. With weakly dependent data, Ordinary Least Squares (OLS) estimates of Sy

are consistent.

Our inference problem is to construct an interval estimate via a 1 — « level confidence set C for Bo, that

satisfies

Pr(C contains ) > 1 —a —e



where € is a remainder which is small in that it can be bounded by a vanishing function of n for a class

of data generating processes which are delimited later.

Failure to account for dependence in the data across i may lead to substantial distortion of coverage
probability (i.e., Pr(é’ contains ) may in practice be far from 1—a.) Standard methods for constructing
C in the context of the linear model with sufficiently strongly mixing properties for observations across
i, is to estimate B using least squares estimation, followed by standard error calculation using one of
many adjustments for spatial dependence. [Conley, 1999] provides one such example in which a spatial

HAC adjustment is used. Subsequent refinements are reviewed above.

We propose a confidence interval procedure which is designed to work together with previously designed
spatially robust inferential procedures. Our proposal is to augment the regressors X; with additional

regressors (G;, whose construction is described below. We will run a regression of the form
Y; = X;Bo + Gino + &

The components of G; are calculated by evaluating a collection of spatial pre-whitening basis functions
at the i-th location. A spatial pre-whitening basis is a set G of functions g € G of the spatial indexing

set, S, each of the form g : S — [0,1]. The components of G; are calculated as g(i) for all g in G.

The main examples of spatial pre-whitening bases that we discuss below are spatially localized B-splines.
When we give practical guidlines for choosing G will consider several candidate spline bases, e.g., G1, Gs...,,

in which for instance the knot points might differ.

To construct a confidence interval for a component of Sy, first estimate [3, 7] with an OLS regression
of Y; on [X;,G;]. Then construct an estimate of the variance of E using spatial HAC estimation with
bandwidth A > 0 and kernel function k for the above regression. Let V be the corresponding variance

estimate.

For a component of fy that is of interest, [5o]; , let ¢, be the ath quantile of the standard Gaussian
distribution. random variable (i.e., of N(0,1)). We use the typical confidence interval estimator, @, that

adds and subtracts a critical value, ¢q,, times the standard error estimate:

A > 511/2
C; = [Bj + q1-a2[V1}}7].
More generally, confidence sets for functionals a(fy) may be constructed using the delta method the

usual way. Confidence ellipsoids covering [y are also constructed using the usual asymptotic Gaussian

approximation.
In sections below, we discuss data-driven choices for pre-whitening basis G, kernel k and bandwidth h.
3. Analysis

We characterize sets of regularity conditions via what we call a frame. A frame is a tuple

F= (Lmonla Lmix; Lconda Lgrowtha Lbasis; Lkern)



of positive constants satisfying 1 < min(F'). Each of the elements of F' measures of regularity of the data
and functions used in estimation, and can be thought of as finite upper bounds. They restrict moments,
rank, mixing, metric regularity, the kernel, and pre-whitening basis, G. We demonstrate properties of C

defined above relative to a given frame.

For any frame F, let Pr be a statistical model, which is a collection of data generating processes for

random vectors of the form (Y;, X;);cs each satisfying the following conditions.

1. (Linearity.) Y; = X/fBo + €; with E[e; X;] = 0 for (4,j) € S*.

2. (Moments.) E[|| X;|hucial < Lmom as well as E[e}|€] < Lyom for i € S and non-null events €

depending on (i.e., measurable with respect to the o-algebra generated by) {X;};es.

(Mizing.) For Za,Zp random variables depending on {(Y;, X;)}ica, {(Yi, Xi)}icn, A,B C S,
Z% an independent-of-Z4 copy of Zp and every function v depending on two arguments,
|E[v(Za,Zp) —v(Za,Z%)]| < exp(—dap/Lmix)E[|v(Z4,ZB)| + |v(Za, Z})|], whenever the expec-

tations are defined.

/
. (Conditioning.) )‘min(|R|_lE[(Zi,jeRaijEiXﬂ') (Zi,jeRaijgin) ) > 1/(Lcond|R|)Zi,j€Rafj

/
and )\min(\R|_1E[(Zi€RCiXi) (ZieR ciXi) ]) > 1/(Leona|R|) > ;cp 7 for all nonempty R C S,
and constants c¢;, a;; with 4,5 € R. Here Anjn denotes minimum eigenvalue and | - | denotes

cardinality when applied to sets.

(Metric Regularity.) d;j > 1fori # j € S and |Ba,(i)| < Lgrowtn|Br(7)| for ¢ € S,r > 0 where by

convention, B,.(%) is the closed ball of radius r about i.

In addition to assumptions on the data generating process, to each asymptotic frame F', assign a set
of estimation tuning parameters in Tp consisting of a kernel function k(d), a positive real bandwidth
h > 0, and an association A : S +— G which assigns to every finite metric space S a collection functions
G = A(S), which is called a pre-whitening basis, and g € G are of the form ¢ : S — [0,1]. Let g be the
residual from the linear least squares regression g on G\ {g}. There are two constants associated to G,
which are b > 1 and z > 1, which measure the features related to the size of the supports of functions
related to g € G. Define max-vol(z) to be the largest possible cardinality of a set of diameter z in S
allowed by the growth and separation regularity conditions above. Estimation parameters in Tp satisfy

the following conditions.

6. (Kernel Regularity.) k(0) = 1, k(z) € [0,1] for z € (0,1) and k(z) = 0 for x > 1. k Lipshitz
continuous in that |k(z) — k(2')| < Lyern|z — &| for z, 2’ > 0.
7. (Basis Regularity.) For g € G, b < |{i € S : |§(i)| > 1/Lpasis}| and diam(supp(g)) < z. b >

max-vol(z)/Lpasis- For i € S, [{g € G : B.(i) Nsupp(g) # D} < Lpasis- For i € S and r > 0,
[{g € G : Ba(i) Nsupp(g) # D} < Lgrowtn|{g € G : B, (i) Nsupp(g) # @}|. For i € S and g € G,

l9(0)] < 1 and [§(i)] < Loasis eXp(—disupp(g) / Libasis ). Here, supp(g) = {i € 5: g(i) # 0}.
In the above definition, Condition 1 defines the linear model. Condition 2 states bounds on observable
random variables. Condition 3 is a non-degeneracy assumptions on the X;. Condition 4 restricts the
growth rate of cardinalities of balls within S. Non-Euclidean metrics are allowed but the growth rate of

the number of elements within balls with respect to radius being characterized by bounded doubling as



measured by Lgrowtn is a characteristic that Euclidean spaces do also have.* If S is part of a sequence of
cubes in an integer lattice, then Lgowtn may be taken to be two raised to a power equal to the dimension
of the lattice. Condition 6 imposes standard regularity on the kernel function and bandwidth. A key
part of Condition 6 is that h, the HAC bandwidth, must be longer than diam(supp(g)). The reason
for this is that, projecting X; data onto spline functions implies nonzero correlations between nearby
projection residuals. The HAC bandwidth needs to account for this. Finally, Condition 7 condition that
bounds several quantities related to the regularity of the spatial pre-whitening basis. This includes a
recorded bound on the number of g supporting any ¢. For instance, in Figure 1, this number is 2. Tensor
products of B-splines on lattices inherit bounds from their component B-splines. The two parameters
b, z, which are treated on the same level as the kernel tuning parameter h, also control the regularity of
G. Specifically, b is a conditioning number, which measures the extend to which there is leftover variation
in a basis term after projecting away other basis terms. The parameter z measures the maximum
size of supports of basis terms g, and thus measures how localized the prewhitening basis. Note that
b/max-vol(z) measures the mass of remaining essential support points of § of relative to the potential
volume of the support of g, and is thus a measure of relative density. We note that it is sufficient that a
collection of linear combination of elements G satisfy the conditions of g for the bounds of Theorem 1
below to hold.

To state the theorem, additionally define the doubling dimension of S as dim(S) = log,(Lgrowtn). Note

that the existence of finite Lgyowtn implies that max-vol(z) grows polynomially in z.

Theorem 1. For every ¢ > 0 and frame F', there is a threshold M (e, F') depending only on € and F' such
that if n, z/log(n)*, n/(zmax-vol(z)max-vol(h)), h/(z*>max-vol(z)), n/max-vol(z)®4™() > M(e, F),

i.e., are sufficiently large, then for every data generating process in Pgr and tuning parameters in T,

Pr(foeC)>1—a—e

One can equivalently restate the theorem as for every F, |Pr(8y € C) — (1 — a)| < fr(n,h, z,b) for
a specific nonnegative-valued function fr. We note that fr is explicitly constructed in the proof of
Theorem 1. fr has the additional asymptotic vanishing property that for each F', lim fr(n,h,z,b) =0
with the limit being over (n, h, z,b) as delineated by the statement of Theorem 1.

Comparing to the prior literature, the usual spatial HAC as in [Conley, 1996] also achieves asymptoti-
cally 1 — « coverage, again up to a vanishing remainder term. Nevertheless, a good choice of G could
simultaneously improve coverage probability and reduce the length of the confidence interval relative to
other HAC variants. Additionally, there are potentially several sensible choices for pre-whitening bases

G. Choosing G is discussed in Section 5.

Because Theorem 1 develops finite sample bounds, all intermediate lemmas properties of also involve
finite sample bounds. For example, central limit theorems have been developed for dependent data, e.g.,

dating back to [Stein, 1972] or for spatially indexed data more recently in [Jenish and Prucha, 2009].

4By Assoud’s theorem [Assoud, 1977], a regularized version of the metric given by S;%F = (S, d1/2) admits a bi-Lipshitz

embedding into a Euclidean space, where the dimension and bi-Lipshitz constant only depend on the doubling constant.



We prove a Berry-Esseen-type central limit bound for spatial processes on arbitrary finite metric spaces.
This is possible due to a particular decomposition of metric spaces called a padded partition, given
by results in [Mendel and Naor, 2006], and an iterative Lindeberg swap procedure together with the

replacement-type mixing as specified in Condition 3 above.

We comment here that max-vol(t) grows polynomially in ¢ with polynomial depending only on Lgowth
(see Lemma 1). That is, there is an F-dependent polynomial ¢ such that n/max-vol(h) — oo is equivalent
to n/q(h) — oo, for instance. Sequences (n, h, z,b) satisfying the above exist: it suffices to set z larger

than log*(n), b on the order of max-vol(z), and h smaller than n'/®

for an a depending only on F.

There are several technical hurdles that our analysis needs to handle which arise from the fact that there
are essentially two interacting non-parametric-type estimation procedures being used at the same time. In
particular, the number of terms in the the pre-whitening basis does not enter into the bounds for Theorem
1 and there is no finite bound on the bandwidth parameter. Additionally, the pre-whitening regressors
are non-stationary, and though their support is assumed localized, their residuals when regressed on each

other may have a support all of S.

The results in Theorem 1 extend to confidence sets constructed using large cluster methods including
[Ibragimov and Miiller, 2010] and [Bester et al., 2011b]. These methods rely on an approximation that
holds for a small (fixed) number of large clusters. These key aspects of this approximation are that
within cluster averages are approximately Gaussian and independent of each other. [Cao et al., 2023]
demonstrate that a k-medoids clustering algorithm can be used to construct a small set of clusters with
large interiors relative to their boundaries that will have these two properties. The mixing proper-
ties demonstrated in the proof of Theorem 1 for residuals from projections on our spatial basis terms
will hold within-cluster for a small set of large clusters. This, along with moment conditions implies
that within-cluster averages are approximately Gaussian and independent of each other. Thus appli-
cation of [Ibragimov and Miiller, 2010] inference is immediate and if the homogeneity restrictions in

[Bester et al., 2011b] hold, this method can also be applied.

Proof of Theorem 1. Theorem 1 is proven for a scalar fy, that is, consider p = 1. The case p > 1 is

analogous.®

The following conventions are used. A collection of random variables Z; at i € S are said to mix with
delay v and rate Ly if for any measurable function v and random variables Z4, Zg, Z}; depending
(measurably) on {Z;}ica,{Z:}iep, and Zj an independent of copy of Zp, it holds that |E[v(Za, Zp) —
v(Za,Z5)]| < exp(—(dap — v)/Lmix)(E[|v(Z 4, ZB)|] + E[|v(Z4, Z})|]) whenever the expectations exist.
By (i) ={j € S : d;j < x} denotes the closed ball around . All log operations are base 2.

Lemma 1 (Cardinalities of Closed Balls and Diagonals). Fori € S and z > 1, | B, (i)| < L'°8*"2.

growth
For any T C S, z > 1, setting A = {i € T? : d;,;, < x} gives |A| < \T|L}g°r%fv;f.

5Note, the combination of (Lmom, Leond) can be used to infer an upper bound on p, so p > 1 requires no additional

information entered into F'.



Proof of Lemma 1. For i € T, |By(i)| < Lgrowtn| By 2(i)| < ... < Lgr(;gwﬂJrl|Bx/2nogﬂ+1(i)|, where [log ]
denotes least integer > logz. Note that z/2/1°8*1+1 < 1 gives |B,jones=1+1(i)] = [{i}| = 1 and that
[logz] + 1 < logx + 2. Note, this implies that for all i € T,z > 1, |B,(i)| < ngor%vfﬁ, a fact which will
be used repeatedly. Then [A] <37, [B.(i)NT| < \T|L;§V€&2. [ |

Lemma 2 (Decomposition of Cartesian Products of Diagonals). Let 2,y > 1. Let T C S. Define

subsets of S*:

A={ieT": d;;, <yandd;, <y},
Ci = {’L c€A: diam({il,ig,i3,i4}) < 333},
Co = {i € A\ C1 : dri, {rig,mis,misy = T for some permutation 7},

Cs ={i € A\ (C1UCY) : diri, mis}{ris,ria} = 2 for some permutation 7}.
Then C; UCyU(C3 = A and

|Cl| < |T|L310g3r+6 and |CZ|+|CS| < |A| < |T|2L210gy+4'

growth growth

Proof of Lemma 2. To show the first statement suppose i € A,7 ¢ C; U Cy. There must be 7 such that
driymis > 3x. Asi & Co, both By (miy) and B, (7i3) must each contain a remaining component of 4, which
may be taken iz and iy respectively. By triangle inequality dri,ri, >  as well as dri, rio) {mis,mis} > -
So i € C3. Next bound the cardinalities of A,C;. Let AY2 = {i € T? : iy € B,(i1)}. Then |AY/?| <
|T| max;cs |By(i)|. Asin Lemma 1, | By (7)| < ngor%%jhz. Then A = AY2 x A2 gives |A| < |A'/?|?. Next,
|C4] is bounded analogously. Finally, by inclusion, |Cs| + |C5| < |Al. B

Lemma 3 (Padded Partitions of Metric Spaces). Let 2 > 1 and y > 8z. There is a collection R°
of disjoint subsets of .S, together with a boundary OR = S\ Ugero R, i.e.,

S=0rRU |J R
RER®
with the following properties. Either |R°| = 1 or else all of the following hold: R, R’ € R°, dgr > x and
Lg;iifg;Q < |R| < 3ngc;i(vfg}:r2, the boundary has |OR| < n(1 — L;ﬁiﬁy), and |R°| > %nL;ii%lyflog v=2,
Additionally, n > 3LV OB Y2 s qufficient for R°| > 1.

growth
Proof of Lemma 3. Let > 0 and let y > 8x. By Lemma 3.1 in [Mendel and Naor, 2006], there is a
distribution Pr over partitions R of S such that for every i € S, Pr(diam(R (7)) <y) =1 and
Ve o (1Bus@
Pr(B. (i) € R() = (10
’ By ()]
Note, this distribution is called a padded decomposition of .S, and exists for all finite metric spaces. Let
OR = {i : R(i) # R(i') for some i’ € B,(i)}. Thus, the expected number of boundary points can by

obtained by summing expected values of indicators of inclusion:

E[lOR|) = Y Pr(B,(i) £ R(i)).

i€S

Applying ‘%ﬁf;‘)‘ > L3 . with the first bound gives E[|OR|] < n(1 — L_48m/y). By the pigeonhole

growth growth

principal, there exists at least one partition draw R with OR with that bound. Fix that partition. Note



that diam(R) < y implies that R C B;(y) for any ¢ realizing max{d;; : i,j € R}. Thus |R| < |B;(y)| <

log(y)+2
Lgrowth

Let R° ={R\ OR : R € R}. Refine R° repeatedly as follows. If there are at least two R, R’ € R° with

|R|,|R| < L5W2 then select two such arbitrarily, and update R® « (R°\{R,R'})U{RUR'}. Asn

growth
o) +2 2L10g(y)+2].

is finite, this process must terminate. At the end, all but at most one R have [R| € [Lg,outn > 2Lgrowtn

If there are no leftover R with |R| < L2WF2 then keep this R°, and the bound on the sizes of |R|

rowth
in the statement of the lemma thus holjs. If there is still R with cardinality less than ngori(vfg;r 2, then
either |R°| = 1, or choose another R’ from R°, which means |R/| € L;ﬁgfgﬁ 2,2ngc;%(wyt);r ?] and note
[RUR'| < SLQ%)%}TZ. Do R° + (R°\ {R,R'}) U{RU R’} a final time, ensuring R° has all elements R
satisfying |R| € [Lg¥) " 3L %W 2] Then § = OR UUpege R is a disjoint union with drps > « for
R,R € R® and [R°| > (n — |OR|) S L8072 > Lnp tniv=1e) =2 m

The next lemmas are properties of random variables over S. For T'C S and & > 1,v > 0, define

rowth

farn(T, @, v) = AIL219837%4 L 9\ T12 exp(— (2 — 1)/ Linix )-

growth

fun(T,z,v) = |T|_1L1g°ggCJr2 + 2exp(—(z — v)/Lmix);

Lemma 4 (Law of Large Numbers). Let Z; be random variables with finite second moments at all

i €T C S that mix with delay v > 0. Let ¢ > 0,z > 1. Then

Pr (|T|*1‘ Sz, - E(z)
€T

> c) <c 2 fun(T,z,v) maTxvar(Zi).
1€

Proof of Lemma 4. By Lemma 1, |A| < \T|ngzifv:f. Then, E[(|T|7! Y,c7(Zi—E[Zi]))?] = |T|?E[},cn (Zi, —
E[Zi\))(Zi,—E[Zi,])+ 2 icra\a(Zis —E[Zi,])(Zi,—E[Z5,]) < |T|17?E[X e a cov(Ziy, Ziy) |+ cro\ a Ic0V(Ziy s Zis)|
which by Cauchy-Schwarz inequality and the mixing condition of this lemma is < |T|~2(|A| max;er var(Z;)+

T[22 exp(— (=) / Lunix) maxier var(Z;)) < |71 (ITILESE + T2 exp(~( — v)/ L) ) maxier var(Z:).
log x+2

Simplifying gives < (|T|7' L% 00" +2 exp(—(2—v)/ Liix)) maxier var(Z;) = fuin (T, z, v)max;ervar(Z;).

Chebyshev’s inequality gives the lemma. B

Lemma 5 (General Fourth Moment Bounds). Let 7' C S nonempty and let Z; be mean 0 random
variables at ¢ € T that mix with delay v > 0. Let Zr = \T|71/2 > ier Zi- Let > 1. Then

E[Z7] < foru(T, z,v) maTxE[Z?]-
1€

Proof of Lemma 5. Let x > 1 and let A° = {i € T*: no permutation of i is in A } where A is the set de-
fined in Lemma 2 using y = 3x. If i € A° then there is a permutation of i such that dr;, riy,ris,xis} > -
To see this, draw a square with corners labeled iq,io,13,74. As i € A°, at least one horizontal side has
corresponding distance > y = 3z, and similarly one vertical side has distance > 3x. There is thus
a corner, j, incident to both a horizontal and vertical side with distance > x. Let a,b be the clock-
wise and counterclockwise neighboring corners of j and o be the corner opposite j. If d;, > z, then
dj({o,aby > ®. Else, if dj, < z then dy, > 3z as otherwise a permutation of 7 is in A. Then by triangle
inequality, doo > dja — djo, > 2z, and so in this case d,q; .03 > . If the standalone element is i1, say,
then |E[Z;, Z:, Z:, Z:,]| = |E|Zi, Zi, Zi, Zi, — O] = |E[Zi, Zi, Zi, Zi, — 2, Zi, Ziy Zi,) < (El|Zs, Ziy Ziy Zi, ) +



El|Z] Zi, Zi, Zi,]) exp(—(x — )/ Liix) < 2max;er E[Z]] exp(— (2 —v)/Lmix) by the lemma’s mixing con-
dition followed by Holder’s inequality, where Z; is an independent of Z;,, Z;,, Z;, copy of Z;,. Then it fol-
lows that max;e a0 |E[Z;, Z;,Z;, Z;,]| < 2maxjer E[Z;l] exp(—(z —v)/Lmix). Using Lemma 2, |T*\ A°| <
ANA] < 4TPLEESH after which it follows that E[Z4] = [T]72(X,c 40 + Y ae )ElZi, Zi, Ziy Z3,) and

this is further bounded by < (|T\_2\A°|2 exp(—(x — v)/Lmix) + |T|_24!|T|2L210g3w+4) max;cr E[Z]].

growth

Simplifying and applying |T'| 2| A°| < |T'|? (which holds as A° C T* so |A°| < |T|*) gives the proof. B

Let

forr(n, p,z,v) = 15.12n*1/2pL3/$+10g(z)+5/2

growth
+ 6nexp(—(x — v)/Lnix)

+16p" (2712 4 0?5 exp(— (3 — 1) /(3Lmix))) Litirer, -

Lemma 6 (Central Limit Theorem). Let Z; be mean zero random variables at ¢ € S that mix with

delay v. Let 2=3",_¢ Z;. Let 0® = var(Z). Let t € R. Let « > 1. Suppose

maxrcs E[||T]7% Y e r Zil?)
= HliIlg;éTgS E[(\T|f1/2 ZieT Zi)2}3/2 .

Then

|Pr(c 12 < t) — ®(t)| < ferr(n, p,z,v).

Proof of Lemma 6. Let R° be the partition from Lemma 3 with z > 1 and y = 822. Let Zr =
R|7Y2%". . Z,. Equate E = |R|V2Zg + r with remainder r = |9R|Y?Zsr. Let Z% be inde-
| i€R q RER R

2 a2y
pendent copies of Zp. Note that |R°| > n%L_48$/(8w )~log(827) 2

growth which simplifies to and results in

o 1 —6/x— x)— —6/x . 542 log(x
|R ‘ Z nngYOWth o/ 2log(e)=5 and ‘aR‘ S ’I’L(]. - Lgroévth) and }%Iel%lo |R| 2 Lgrowthg( )

Let m = |R°|. Order R € R° arbitrarily with Ry,...,R,,. Then let Zg = E—r and 5, = T;_1 —
|R|Y2ZR, + \Rl|1/2Z}%l. Let o; be the variance of Z;. Then Z,,, being a sum of independent ran-
dom variables, by the Berry-Esseen central limit theorem, satisfies |Pr(o,,'S,, < t) — Pr(N(0,1) <
1) < 0.565 pere BIRP2|Zr P/ (X pere EIIR|'22])**. This can be further simplified by the bound
< 0.56m ™Y ?maxpgero |R>/? maxgero E[|Zg|?]/(mingero |R[*/? mingere E[Z3]%/2). Note by Lemma 3
that maxpero |R|*/2/ mingero |[R|*/? < 33/2. Using that 0.56 x 33/2 x 1712 5.04, as well as the

3
definition of p gives

| Pr(0;, S < t) — Pr(N(0,1) < £)] < 5.04n /2 3z Hlos@)+5/2 )

growth
As for every | < m, Pr(E; < opnt) — Pr(Ei21 < opt)] < 2exp(—(x — v)/Lix), summing, and using
m < n gives
| Pr(0,,'Z0 < t) — Pr(0,,'Z, < t)| < 2nexp(—(z — )/ Linix)-
Let €y be the sum of the two above bounded quantities. Let ¢, > 0 be a threshold. For |¢| > ¢, by union

bound and Chebyshev’s inequality, supjy >, | Pr(E/0 < t) —Pr(E¢/0 < t)| < Pr(|E] > ots) + Pr(|So| >
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t.) < 1/t2+(00/0om)?/t2. Note that = = Zg +7, so for any u > 0, Pr(E < ot) —Pr(Z¢ < ot) < Pr(|r| >
u)+sup,eg Pr(a < Zg < a+wu). Then, |Pr(E < ot) —Pr(Zp < opt)| < Pr(|r] > u) +sup,ep Pr(e < g <
a+u+|o—op||t]). Applying the above bound with |¢| < ¢, the two bounds can be added together to get
|Pr(c 12 < t)—Pr(0,,'Z0 < t)| < (1+(00/0m)?)/t2+var(r) /u?+sup,eg Pr(a < ¢ < atu+|o—om,[t).
Comparing to ®(t) via €y given sup,cg | Pr(c ™12 < ¢)—Pr(0,,'E¢ < t)| < (14(00/0m)?)/t2 +var(r) /u?+
(uA|o—0omlte)/(0mv2m)+2€0. Let u = (var(r)o,v2m)'/3 and t, = (14 (00/0m)>)V2m0m /|0 —om|) /3.
This gives

2

2
Om

1/3
sup | Pr(c™'E < t) — Pr(0,,'E < t)| < 2 ((Val“(r)) n ((1 n

2
teR 2moz,

)l —Tm)’ °'m>2)”3) + 2

2
2moZ,

Note that 02, > mmingere |R| mingere E[Z%]. Note that var(r) < |0R|E[Z2z]. Note that |0 — ag| <

var(r)1/?

by Minkowski’s inequality bounding together the standard deviations of mean zero random
variables Zg + r and Zj. Note that |o;_1 — 07| < (01-1 + 01) exp(—(z — v)/Lmix) after applying
the assumed mixing condition. Note that o; < ni/2 maxrcg E[Z%]l/ 2. Therefore summing leaves
|00 — om| < 2mn!/? maxrcg B[Z2]'/2 exp(—(z — v)/Lmix). And (o — O'm)2 = (0 —09+09—0p,)? <

(210R| + 4m*n exp(—(w — )/ Luix)) maxrcs BIZ3]. Note that 1+ of /o2, < rlitl, meres 55:]]

IN

maxrcs E[Z%]
1+3 minrc s E[Z2]

. Putting the above together, yields the following bound.

OR|1/3 + (2|8R| + dmPnexp(—(z — v)/ L ))1/3 (1 v 3M)1/3 21\ 1/3
2 P mix minycs BE[Z2] (maXTgs E[ZT] )

(2m)1/3 (mmingere |R|)1/3 minycg E[Z2]

Note that (E[Z2]/E[Z2.])'/3 < (E[|Zr[*]?/3 /E[Z2.])'/? = (E[|Z7|?)/E[Z2,)3/%)1/3%2/3 < p2/9 For scalars
a,b,c > 0 note ca'/? 4 (2a+2b)"/? < (c+2'/3)(a'/? +b/3). Applying above bounds surrounding R°, this

2(1/2742)/3 (=L 2% )3 402/3 exp(—(3—v) /3 Lmix)) (149> %) 219

(1/3)1/3 Lgmwth( 6/x—2log(z)—5+log(8z2))/3
the statement of the theorem, the following simplifications are used. Note that 2(1/27+2)'/3(1/3)71/3 <

4. Note also that (1— L 5= )13 < (6 Lgrowtn) /2213 < 2071/3L 1/3 using that 61/3 < 2. This factor

growth growth?’

yields the reduction + 2¢p. For the display in

of 2 can be absorbed into the leading constant. Note that exponent in the denominator simplifies to
—2/2 —2/3. This leaves 8(z /3 +n?/3 exp(—(z — V)/QLmiX))ngvjti/g. Finally, all of the p-related terms
can be gathered and bounded by (1 + 3p2/3)1/3p2/9 < 2p*/9. The leading constant for this term is then

§x2=16. N

Next are properties of EA, 7 and E , which are defined as linear least squares regression coefficients X, ¢;
and Y; on G;. Denote

Xi=Xi—Gi, & =e—Gjfj, i =Y; - Gi(.

Forr>0and g € G, let Ky(r) = {i € S : disupp(g) < 7} Define

1

g =(Yai?) ¥ Xal. ?_L;<T>=(Z§<z‘>2)* S X0,

icS 1€y (r) €S ieS\ng(r)
T . r b T
XH = X = 3 g, D= =30,
9€g 9€g

It is helpful to note that E[X ;] = E[X]@(T)si] = E[X;(T)ei] as each of X’j,Xg(r), X;(T) are linear combi-
nations of X;/,j € S.
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Lemma 7 (Localization of Basis Projections). Let r > 0. There are decompositions,

%= XH0 4 x00) & — @) | o,

Proof of Lemma 7. By the Frisch-Waugh theorem, £, = (Pies 9031 Y e Xig(i) = & 4 &) and
thus X; = Xf(r) + Xib(r). Note that the analogous statement holds for Y; and ¢;. B

Let
frene(r, ) = b Li2 . Linomn® exp(—47/ Lyasis) faru (S, ©, 0).

(r)

Lemma 8 (Approximate Preservation of Mixing). Let » > 0 and « > 1. Then Xf depends only

on { Xy }ireBy, 4o, (i) and Eg(r) depends only on {X;}ick, (r)- Furthermore,
E[(€)") < frrxc(r@) and E[(X;")") < Ly franc(r, ).

Additionally, {(Yiﬁ(r)’ X,?(T))}ies mix with delay 4z + 4r.

Proof of Lemma 8. For the denominator, by Regularity Condition 7, Zzeg 9(i)* > Zi=|§(i)\21/LbaSis /L2 s
> {i: 19(i)] = 1/Lvasis}/Liagis = b/ L ags- Therefore, (3,4 9(i)? ) < b 4L, ;.. For the numerator,
use Apply Lemma 5 to yield that (]S \ ICAT)P”)‘*E[(W D e S\, (r) X)) < 1S faru(S \

K ( ),z O)L4 A b(7‘))4} <

basis~basis
4112
b Lba51s

Then the bound on E[(Xi( )) ] follows from the cardinality bound on |G;| < Lyasis from Regularity
Condition 7, where G; is defined as G; = {g € G : i € supp(g)}. With |g(i)| < 1, E[(Xf(r))ﬂ <

G2 Y yeq, 9V ELE )] < Li s maxgeg B[(€)*). Finally, note that diam(Ugeg,Ky(r)) < 2z + 2r

because all K (r) comprising this union have a common point of support, namely i. In fact, then

exp(—4r/Lpasis). Combining the numerator and denominator gives E[(&4

n? exp(—4r/ Lyasis) fatu (S, 7, 0) max;e s E[X ], and subsequently the Lemma’s first stated bound.

Xf(r) depends only on X;/ from i' € Bs,12.(i). Then to show mixing, suppose that Z4 and Zp de-
pend on {(Y'", X! Nic 4 and {(Y/7), XF )Y iep. Let A*) = Ujc a Boryo. (i), BEY) = Uje g Bapyas (i)
As d sy geey > dap — (4r 4+ 42). Apply regularity Condition 3 to the original {(Y;, X;)} to get that
{(Yiﬁm, Xf(r))}ies mix with delay 4r + 4z. Analogous holds for 7), and Zg and &; and Y;. W

Let
fepn(r,2) = 86~ Lo Lo (Lptonss, 7 i furn (€ (7). 2,0) + n® exp(—4r/ Liuss) farn (5. 2,0) ).

frar (7, 2) = 8Lmom + 8L fopr (7, T),
fconp = max(0,1 — L, /b)?/ Leond.

Note that fspr,(r, ) after expanding, is bounded by fspr,(r,z) < 867 4L{2 .

4log(2r+22)+8  —z/ Linix 2,—4r/L 2log(3z)+4 4 —dr/ Ly 2/ Lo
2Lgr0wth / + 24n“e / basis [ growth —|—2n e /Lyvasis—x/ )

2log(2r+2z)+2log(3x)+8
Lm0n1(24Lgr§\;gV(thr ? o) +

Lemma 9. (Specific Upper Bounds). For x > 1,r > 0, and g € G,

E[gg] < fSPL(r7$)7 [( )4] < LﬁasisfSPL(r7$)7
E[X}] < fear(r,2), E[(X;e1)*] < Lom frar(r, @),
B[(X*)4] < fpar(r,2), E[(X!"e)"] < Luom fear(r, 2).

12



Proof of Lemma 9. As in the previous lemma, the denominator defining Eg has bound (Zz’es g(z’)2)*4 <
L8,b~ % For the numerator, note that for i € Ky(r), |3(i)] < Lpasis by Regularity Condition 7, and
E[13(3)X:[*] < L o Lunom APPly Lemma 5 to vield that (|KC,(r)[12) El( b Srer, oy Xii(0)1] <

Ky (I farin (K (1), 2, 0) Liysss Linom- EIE)*) < 07 LiZ Lunom Lo~ Farn (K (r )@,0). There.

fore comblmng the above, as well as the bounds from Lemma 8, gives E[§4] = [(ﬁg D4 fg ) ] <

o~

2N E(E)) + BIE)) < fspn(r o). Net, E(G1E)] = B uupp(orai 90)€)'] < [{g : supp(g) 3
P Y groupp()2s 9(1) *E[§g]. Using that |g(i)] < 1 and that [{g : supp(g) 3 i}| < Liasis gives E[(G1€)*] <
L} s maxgeg B[E2] < Li, i fopr(r,2). Next, X; = X; — G/€ so E[X}] < 241 (B[X}] + E[(G1€)Y]). Us-
ing E[X}] < Lyom and the previous bound for E[(G;g\)‘l] gives the third statement of the lemma. For
the fourth statement, note that by the moment conditions, E[s*X}] < SUDg CA(R) E[e}| X} € EIE[X}] <
Liom (8Lmom + SLbaSIngPL(T z)) = Lmomfrar(r,z). For the fifth and sixth statements, note that
XM= x, - >gcq, 9l )& The same argument used above to bound E[X%] applies with £/ in place

of 59 yielding Lemma 9’s final two required bounds. W

Lemma 10. (Specific Lower Bounds). Let T' C S be nonempty. Then

E[(|T|71/2 Zf(ﬂz)?} > fconp, E[(lT\fl/z ZXf(T)Ei)Q} > fconp,
i€T ieT
EDTF1 ZXE} > fconp, E[|T|71 Z(Xf(r))ﬂ > fconp.

= €T
Proof of Lemma 10. Let Qp = |T|~* D et i, Xi i, Xi,. Let My, be such that X; = > jes MijX;.
Note, in projection terminology, the matrix with entries M;; is the orthogonal projection onto span(G)*.
Note that ), g X; = > ijes @ij€iXj, where a;; = |T|=Y/21;erM;;. By Regularity Condition 4,
E[Qr] > %Ond dijes G = Cind TTT 2aieT > jes M7;. Because the matrix with entries M;; is an or-

gesM = M;;. Therefore E[QT] > L — ‘T‘ > ier Mi;. Next, the Frisch-
Waugh Theorem gives {; = D ZjeS X;9(j) where Dy = 3. 5g(j i)2. Further, G’§ =2 4eq i )fg =
> ies(Doyec 9(1)3() Dy NX;. Let P;; = 1 — M;;. By Basis Regularity, D, > b/L? ... Also by Basis
Regularity, |g(i)] < 1,]3(¢)] < Luasis; [{g : 7 € supp(g)}| < Loasis, and thus P = >° 9()g(i)D,* <
S icsupn(o) 9@IIFOIDF T < 5 Bois < i < Lis, Therefore E[(|T] /2 Xy Xieo)?] >

thogonal projection matrix,

g:i€supp(g) b/me = b/me -
Lcind(l — L"%) This is in turn bounded by fconp- Slmilarly7 for fixed ¢ set c¢; = M;; so that
X; = Y ;es¢X;. Then similarly to above E[X?] > S Gl L}, /b). Averaging over i € T gives

E[T|7'Y,cr X2] > fconp.

To show the statements containing Xf(T), define ij( ") through Xti = jes Mﬁ(r)X Then Mﬁ( M =
Licj =2 cc 9(i)1jex,d(i)Dy . (The difference to M;; is the appearance of 1;¢x, (ry.) Then if g(i) # 0,
then i € Ky(r) for all r > 0. Therefore M5 = 1— > geg 9(1)g(1) Dyt = M;;. Additionally, though ij(r)
do not assemble into a idempotent matrix anymore, it still holds that 3, o(M; ﬁ(T))2 > (Miﬁi(r))Q. There-
fore, similarly as to above, E[(|T|~/2 %", .+ Xf(r)si)z] > mT ZZGT(Mﬁ( )) > ﬁ(l - %)2 >
fCOND~ Also EHT|71 ZieT(Xf(r))z} > fCOND~ u
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Lemma 11. (Specific Laws of Large Number). For > 1,7 >0, T C S, and ¢ > 0,

1 ~
Pr <)7 Xiéi
2

> C) < 4c 2 fin(T, 2,42 + 47)(Lom fear (r, 7)) /2

+ 4072Ll2)asier1n/02meRNC (T’ I) 1/2’

1 - .
Pr (‘m Z(XZ2 - E[Xf])’ > C) < 9c 2 fuin(T, x, 42 + 47) fpar (7, )
T
+ 360_2L2basis(fPAR(ra x)fTRNC (’I“, x))l/Q + 96_2LﬁasiszRNC (T’ .I)

Proof of Lemma 11. For the first statement, because X; = Xf(r) +Xf(r), the event |ﬁ Y ier Xei| > cis
contained in the union of the events ||—:1F| Yier Xf(r)eﬂ > ¢/2 and |ﬁ Yier Xf(r)ei| > ¢/2. The former
mixes with delay 4z + 47, hence by Lemma 4, has probability bounded by the first term of the display in
the statement of Lemma 11. The later follows from Chebyshev’s inequality, using the bound from Lemma
8. The second statement is similar, using the decomposition X2 = (X*")2 4 2x*") x4 (x?()2 and
using three events on which the above corresponding sample averages deviate from their means by more
than ¢/3. &

Let K;,5, = k(di s, /h) and & = Y; — X, 8 — Gi7. Let 63 = By — 3. Let

~

OK -1 2 : o~ v.oa v K -1 2 : % %
Q =n Ki1i2€i1Xi15i2X’i27 QO =n KiliQEilXilgigXigv

1€52 €S2
~ 1 ~ ~
QO =N E é‘ilXil{:‘iinT
€52
Let
—1 7y3log3xz+6
fVAR(Ty :E) =n Lgrof;vth 2LmomfPAR(T7 l‘)

+ 22N O L o foar (1, @) + 2(Lunom frar(r, ) 2) exp(— (@ — (47 + 42))/Luuse)

+ 30L21}§§?h+4(LmomLﬁasiszRNC (T’, x))1/4(Lm0mLﬁasiszRNC (T’ QJ) + LmomfPAR(Ta .’13))3/4.

Lemma 12 (Empirical Variance Consistency). For any > 1, » > 0, and ¢ > 0, and for h > 1,
Pr(|Qf — E[QF]] > ¢) < ¢ 2 fuar(r, 7).

Proof of Lemma 12. Define A,Cy,Cs,C5 as in Lemma 2 and specialize to y = h. Use v = 4z + 4r.
Let W, = Ein(r). For a remainder term Z°(") = L Eies4}V€{W’€Xb(r)}4 ot all w Kivis Kigis (Vi Vi, —
E[V;,Vi,)(Vi, Vi, — E[V;, Vi,]), the difference E[(QX — E[Qf])?] expands to

1

B[ D K Kugis (Wi Wiy — E[W, Wiy ) (Wi, Wi, — EIW, W) | + E[270)]

€54
= 3 Kt Ky, (LW, Wiy Wiy Wi ] — E[W,, W JE(W, W] ) + E[270)]
- TL2 21924313174 71 [ 13 4 11 2 3 14 N

icA
Let Mj = maxiecj KilizKiau‘E[Wil WiQWi3Wi4] — E[WMIWWI‘,‘,]E[WWI‘SWﬂuH, j < 3, with being the
permutation defining membership into C; and C5, and 7 = id for the C; case. By Lemma 9, M; <
2LmomfPAR(T7 LC) Next deﬁne MQ S Mga + Mgb Wlth M2a = maxiecQ KiliQKi3i4|E[Wi1Wi2Wi3Wi4] —

E(Wei, JEWaiy Wais Wiy ||, Moy = maxiec, Kiy iy Kigiy [E[Waiy [E[Woiy Waig Wi | = E[W;, Wi, JE[Wi, W, |
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Since i € Cy, there is a permutation 7 such that dr;, (riy,ris,nig} = . Because {W;}ies mixes with delay

v by Lemma 8, it follows that Ma, < 2Lyom frar (7, ) exp(—(z —v)/Lmix). In addition, E[W;,] = 0 and

either the bound |E[W;, Wy, ]| = [E[W;, Wi,] — E[W;i, |JE[W5,]| < 2(Lmom fear(r, )Y/ exp(—(x — v) / Linix)

holds or the same bound for (i3,i4) holds. Together, these imply Maj, < 2(Lmom frar (7, x))"/? exp(—(z—

V) / Lix). For Ms, |E[W;, Wi, W, W, |-E[Wai, Wi JEIWria Wais]l < 2Lmom frar (7, ) exp(—(2—v)/ Lmix)-
Either E[Wei, Wiy |JE[Wriy Wai, | = E[W;, Wi, |[E[W;, W, ] and |E[W,;, W;, W, W,,|-E[W;, W, |E[W;,W,,]|

2L mom frar (1, ) exp(—(z — v)/Lyix) O driyris, > € and dpiqi, > @ giving that both |E[W; W, ]| <
ZLEC?mprR(r, z) 2 exp(—(z — v)/Luix) and |E[W;,W,,]| < QLMEmprR(r, z) 2 exp(—(z — v)/Lmix)-
The bound for Mj is then exp(—(x — u)/Lmix)(2L§n/02mprR(7‘7 )2 4+ 2L om fear (7, ).

IN

Additionally, for Z°(") there are 2* — 1 = 15 ways to take a combination of 4 #(r) and b(r)-s, without
all f(r)-s. For each such combination |E[(V;,Vi, — E[V;,Vi,])(Vi, Vi, — E[Vi,Vi,])]| is bounded by the
sum of the two terms E[|V;,V;, Vi, Vi, || and E[|V;, V,||E[|Vi,Vi,|]. This gives 30 such terms, all with a
common Holder bound max;cg E[(Xf(r)si)“]l/‘l(maxies max(E[(Xib(T)ei)‘l],E[(Xf(r)si)4]))3/4, and thus

|E[Zb(r)] | S 30[1;1}8‘%?}?_4(LmomLéasiszRNC (’I", x))1/4(LmomLéasiszRNC (T, x) + LmomfPAR(T7 JJ))3/4.

From the bounds on My, My, M3, |A|, |Cy], and that |Cs|, |Cs| < |A],

~

~ 1 1 1
E[(Q — E[Q5))%] < —5IC1|M: + —|A[M: + —|A|M; + [E[Z°7))|
< fvar(r,z).
Using Chebyshev’s inequality gives the lemma. W
Next let dg = o — B. Denote Eg = n~! Yies and Ex =37, p ;) Kiyi, and additionally EgEx =

n~t ZileS Ex ZizeBh(il) K, i,. Then noting that ¥ = £dg+7) gives €, = ¢, 4+ X;05— G = 5i+)~(i557G2ﬁ
and thus

O — QF = BsEx X;, (e, + Xi,05 — G, 0) X, (84, + Xi,05 — GI, )
- ESEKXilgilXi25i2~
For a parameter u € R define

51(’11) = EsEK XilXiluXiinzu, 52(1,6) = —ZEsEK XinglﬁXNigXizu7

d3(u) = EsEx X, G} 11X, Gi,7, 6a(u) = 2EsEx X6, X, X, u,
85 (u) = 2BsE e X;, 24, X5, GL7.

In the special (also random) case u = dg, the decomposition Qr — ﬁ{f = 01(dg) + ... + 05(d3) holds.
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Let

feETA (7, 2, u) = 4fLIN(S, 2,42 + 47) (Lmom foar (1, 2)) Y2 + 412, LY2 | frenc(r, z)'/?
+u?(9fLin (S, 2,4z + 47) fpar (7, ) + 36 L3 eie (frar (1 @) frrnc (r, ) /2 + LY o frrne (1, ),
frEs,o(r,z) = 16LY, o frar(r, ©) (fspL(r, @) frrnc(r, x))1/2 + 4L} i fPAR(T, ) frRNC (T, )
+ 16 L3, o fspL(r, @) (foar (r, @) frrne (7, x))l/z + 4L} s fopL(r, @) franc(r, ),
fresa(r,2) = 407 Lo LR Lunom 00 Ly i i foan (1, @)

3log (3(3w+4r+42)) +6

growth growth

< (e + 2L 50 exp (= @/ L))
+ 160 LE,, LiS  h 2 ( Linom frar (T, ) exp ( — 2z /Lbasis) + Lzrlgvgvfhﬂ frEes.o(r, x)) ,

fresa(r, ) = 4b 202 L} e Lmom@?h "2 L2 %8 704 foag (r, 2)

kern-~basis growth
—1 73log(3(3z+4r+4z))+6 2log(h+x)+4
X (’I’L Lgrowth + 2Lgrowth eXp(_x/Lmix)

+ 1662 L Liasish 2 (LmomfPAR(T’ ) exp(—22/ Luasis) + Lﬁﬁ?ﬁthfREsto(ﬁ :c))
Finally,
fres(r, @, u) = L;%z:f (UZfPAR(T7 ©) + 2u foar (r,2)** (Lbasis fspr (7, o)+ Lrln/fm))
+ 4 frus (r, )% + A frps 2 (r, ) V2.

Lemma 13 (Parameter Estimate Consistency). For u >0, x > 1, r >0, if b > L

basis?

Pr(ég > u?) < du 2 fiap feETa (r, 7, 0)

Proof of Lemma 13. Let Q = n~* Sies X2 and Qo = E[Q). Pr(02 > u?) < Pr(In=' Y05 Xiei| >
uQo/2) + Pr(@ < Qo/2) Simplifying and applying Lemma 11 together with the fconp lower bound of
Lemma 10 for Qg gives Lemma 13. B

Lemma 14 (Residual Estimate Replacement Bounds). For j =1,...5, 2 > 1,y > 1,r > 0,0 <
c<1landu€R, Pr(|§;(u)] >c) <c ! fres(r,z, u).

Proof of Lemma 1. For 61(u), Let U;, be the term inside the Eg operation, so that U;, = EKX?1 sz u?.

Then |K;,;,| < 1 and by Holder’s inequality, E[|U;,|] < ngoriv}égfprR(r,m)UZ. Then the first moment

bound is B[ (u)]] < L2 ok (r, 2)u? and then Markov’s inequality gives Pr(|6 ()| > ¢) < ¢ E[|6; (u)]] <

growth
—1,,27logh+2
cu Lgrowth

frar(r,z). The remaining terms are then bounded analogously. Note that E[(Gin)1] <
L} . fspL(r, ) by an identical bounding argument as made for E[(G;g)‘l] Summarizing thus far, the

following bounds hold.

Pr(|61(u)| > ¢) < ¢ AL M2 foar(r, @)

growth

Pr(|d2(u)| > ¢) < C_l‘U|2ngori£$12LbasisfSPL(T7 2) 4 foar(r, )4,

Pr(|64(u)] > ¢) < ¢ Mul2L'8 M E2L1/4 pp (r, )3/t

growth ~“mom

For 43, write 1, = Dg_1 > jes 9(j)ej, where Dy = > mes §(m)?, and H;; = > geg g(i)g(j)Dg_l and

G;A: ZjES Hij5j~ Let \I!j1j2 = Zih’iQES KiligXilXigHilleizjg~ Therefore

e _1 . . . .
03 =n E 6]1532\111112'
J1,j2€S
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Now > . g X;Hy; = > geg 9D Y s X,g(i) = 0, by the least squares normal equations. Hence,

after subtracting the constant Kj, ;, inside the double sum,

1j2
\leh = Z (Kiliz - Kjljz)XithHithhb'

i1,i2€S

Next define H!\" = Hijla, <o, V%) = Y0, o o (Kiiy — Kjp) XEOXIO 1D I and 650 =

Jij2 172 % 11J1 7712020

ntY es €j1€j2\IJ§E§;. Then define 65" = 65 — 64, First bound 65", By Basis Regularity, D, >
bL;?2

basis? )
< b LY, exp(—dij/Lbasis)- Since at most Lpags functions g satisfy g(i) # 0, then there is |H;j| <
bilLﬁasis exp(—di; /Lvasis). Also, if HY@ i@ # 0, then d;,;, <z and d;,;, < z. By Kernel Regularity,

11 7" i2g2

|Ki11'2 — Kj1j2| < Lkernhil(diljl + di2j2) < 2Lkernh71x- Hence |\IJ§E§Z| < 2b72LkernL8 $h71leTj2,

basis

where Tj = Y5 5y [XF7|. By Lemma 1, | B, (j)] < L3242, so B[T4] < [B,(j)|* max;es BI(X! )] <

growth ?

so if g() # 0, then ¢ € supp(g) and as a result |g(i)§(j)Dg_1| <b 'L}, .. exp(—d; supp(g)/ Lbasis

L4 log z+8

growth frar(r,x). And so

B(z)\2 —472 16 27 —2 r4log z+8
jH;agSE[(Ejlng\Ijjljz) ] < 4b chranasisLmomx h Lgrowth fPAR(T, :L')
1,J2

Now ‘11252 = 0 whenever d;,;, > h + 2z. Indeed, if a summand in the definition of \1'252 is nonzero,
then d;,;, <z, di,j, < x, and K;;, # 0, which implies d; s, <
djyiy +diyiy +diyj, < h+2x. Therefore only indices in the set A = {j € S*: d;,;, < h+2z, d;

< h. By the triangle inequality, d;, ;,

< h+2zx}

contribute to E[(ég(x))Q]. Decompose this set as in Lemma 2 using separation parameter 3x + 4r + 4z.

3J4
For j € Cy U (3, the two factors ej,¢5, \Ilggz and €j,¢;, \Ilggi depend only on observations in the sets
Beyori2:(j1) U Begorg2:(j2) and Byyory2:(js) U Begorio:(ja), respectively. This is because Hfj(z) # 0
forces d;; < z, and by Lemma 8, Xf(r) depends only on {Xi/}ileB%Hz(,;). Hence these two factors mix
with delay 2x + 4r 4+ 4z. Since the separation parameter in Lemma 2 has been chosen to be 3z + 4r + 4z,
the mixing bound contributes the factor exp(—x/Lmix) on C3UC3. On the other hand, on C we simply

use the second-moment bound displayed above. Therefore, exactly as in Lemma 12,

E[(05™)2) < 4b™4L2, LIS . Linoma®h L8248 £ 1 (r )

basis growth
—1 7 3log(3(3z+4r+4z))+6 2log(h+2x)+4
X (n Lgmwth —|—2Lgmwth exp(—x/Lmix)).
It remains to bound 5?,@) =43 — 5§(I). By construction, every term in 52(1) contains either at least one

factor H;j — HfJ(x) or at least one factor X; — Xf(r) = Xibm. For the first type of term, the bound on Hj;
above gives \Hij—HfJ(I” <b 'L}

basis

exp(—x/Lpasis ). Using this bound, together with the kernel Lipschitz
bound and the same moment estimates as above, the contribution to E[(é;(z))Q] from all terms contain-
ing at least one factor H;; — Hfj(x) is bounded by 16b=*L2_ LiS . h™2Liyom frar (7, ) exp(—22/ Lpasis)-
For the second type of term, at least one factor Xib ) appears. Bounding these terms exactly as in
the mixed sharp-flat expansions used earlier, and using Lemmas 8 and 9 together with the cardinality
bound from Lemma 1 for the z-neighborhoods generated by the sharp H factors, gives the contribution

16b—4L2 L16 h_2L2 log z+4

kern*~basis growth

E[(ég(%))ﬂ S 16b74L12<crnL%)§sish72 (LmomfPAR(Tv .’E) exp(_Qx/LbaSiS) + Lzl}g\;gvfh+4fRES»O (7”, .’E)) .

frEso(r, ). Combining the two kinds of terms yields

As 83 = 5§(I)+6g(w), the union bound, Markov’s inequality, Cauchy-Schwarz, and /2 +b'/? < 2(a+b)'/?
give Pr(|53] > o) < Pr((55”)] > c/2) + Pr(857] > ¢/2) < ZE[6)] + 2E[657]) < ZB[(55))2)/2 +
%E[(ég(m))Q]l/2 and therefore

Pr(|ds] > ¢) < 4e™ frps (r,z) /2
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Next bound 55. Note 55 = 27L71 Zil,iz,jes KiligXileilXiQHingj' Redefine \Ililj = Xil ZizES KiliQXigHina
so that d5 = 2n~1 Zil,jes E2'1‘\":j\11i1j' Againa Zizes XizH’i2j = deg g(])D;1 Zizes Xizg(ZQ) = 0 by the
normal equations. Subtracting K, ; inside the sum over i gives W;,; = X;, >, o(Kiyi, — K, ) Xi, Hiyj-

r T — g b
Define W8 = X! S ((Kiyi — Ko ) XEDHED 680 = on 10, gei g0 6200 = 65— 65
First bound 52(30). As shown above in the proof of the bound for &3, |H;j| < b~ 1L} . exp(—d;j/Liasis)-

Also, if Hfz(;c) # 0, then d;,; < x, and so by Kernel Regularity, |K;, i, — K, j| < Lxernh ™ 'diy; < Lxernzh™!.
Therefore [WE%)| < 07! Lo Liyiuh ™ XIS 5y [XE71 By Lemma 1, [B,(j)| < L82E%, and by

basis i1 growth ?
Lemma 9, max;es E[(X]")"] < fear(r,). Hence E[(Y e, () [XF7 ) < |Bo ()| maxies E[(X] )] <
Lg;gif; 8 fpar(r, ). Tt follows by Holder’s inequality and Lemma 9 that

f(z)\2 —272 8 2p -2 (-2 2( yvH(r)\2r2
illganSE[(eilgj\Ililj ) ] § b Lkeranasisaj h E[€i1€j(Xi1 ) F]]

kern-“basis

<b2r2 I8 x2h72E[(Xfl(r)€il)4]1/2E[6?]1/2E[F?]1/2

—272 8 27 —272logx+4
<b LkeranasisLmOlnx h Lgrowth fPAR(ra 1')

Now \Ilgfj) = 0 whenever d;,; > h + z. Indeed, if a summand in the definition of \Ilgf?) is nonzero, then
di,; < x and either K; ;, # 0 or K;,; # 0. In the first case d;,;, < h, and hence by triangle inequality

di,; < diyi, +diy; < h+ 2. In the second case d;,; < h. Thus only indices in the set

A:{i€S4Zdili2 <h+1’, di3i4 §h+(£}

contribute to E[(&g(z))g], where the pair (i1,42) corresponds to the index pair (i, j) above and (is,i4)

corresponds to the second copy.

Decompose this set as in Lemma 2 using separation parameter 3z+4r+4z. For i € CoUC35, the two factors
#(2) #(z)
il’ig \111324

B, tor42:(i4), respectively. This is because Hf;;) # 0 forces di,; < x, and by Lemma 8, each X?(T)

£, €1, V2 and €,,6;, depend only on observations in Bayia,(i1)UBytor12:(i2) and  Bapya,(iz)U
depends only on {Xy }iep,, ,.()- Hence these two factors mix with delay 2z + 4r 4 4z. Since the
separation parameter in Lemma 2 is 3z +4r + 4z, the mixing bound contributes the factor exp(—x/Lmix)
on C5 U C3. On the other hand, on C'; we use the second-moment bound displayed above. Therefore,

exactly as in Lemma 12,

E[(05"))?] < 4672 L2 1 L} ssie Limom @2 h 2 L2185 foap (r, z)

kern“~basis growth
—1 73log(3(3z+4r+42))+6 2log(h+x)+4 )
x (TL Lgrowth + 2Lgrowth exp(im/Lmlx) .

b(z)

factor H;; — Hfj(“t) or at least one factor X; — Xf(r) = Xib(r). For the first type of term, the bound on Hj;
above gives \Hij—HfJ(‘T)\ <b'Li

It remains to bound 65"’ = 05 — 5§(I). By construction, every term in 52(1) contains either at least one

basis €XP(—/ Lyasis). Using this bound, together with the kernel Lipschitz
bound and the same moment estimates as above, the contribution to E[(&;(z))g] from all terms contain-
ing at least one factor H;; — Hfj(x) is bounded by 16lf2IﬁernLﬁasisffzLmomprR(r7 x) exp(—2x/ Lyasis) -

For the second type of term, at least one factor Xl.b (r) appears. Bounding these terms exactly as in
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the mixed sharp-flat expansions used earlier, and using Lemmas 8 and 9 together with the cardinality
bound from Lemma 1 for the z-neighborhoods generated by the sharp H factors, gives the contribution

16b=2L2 L8 . p—2p2losatd

rorn Lbasis arowth JRES,0(r, ). Combining the two kinds of terms yields

E[(&EW))?] S 16b72L12<crnL%asish72 (LmomfPAR(Tv .T) exp(_Qx/LbaSiS) + Lzl}g\;gvf}lefREs»o (7“, $)) .

As 05 = 5?,(@ + 62(:6), union bound, Markov’s inequality, Cauchy-Schwarz, and a'/? + b%/2 < 2(a + b)/?
give Pr(|0s5] > ¢) < Pr(|88")| > ¢/2) + Pr(|62"| > ¢/2) < 2E[(85)2]1/2 + 2E[(6,)2]!/2, and therefore

Pr(|65] > ¢) < 4¢™ ! frus o (r, ) /2.

This concludes the proof of the lemma. W

Let

frpr(r,2) = (Lo Lty (@/h) + 2n.exp(—(z — (47 + 42))/ Lunix)) Lfom fear (r, ) /2.

+ 2nL11n/02measiszRNC (T7 x)1/4fPAR(T7 $)1/4 + nLrln/c?mL%)asiszRNC (7“7 $)1/2~

Lemma 15 (Kernel Approximation). Let > 1 and » > 0. Then

1 .
’EVM(Z e X)) — BIOF]| < fen(r,2).
€S

Proof of Lemma 15. Let W; = sin(T) and v = 4r + 4z. By X;e; = W, + Xf(r)ei, E[W;] = 0, and

expanding the corresponding quadratics,

1 r = 1 b(r b(r
~var(y_ e Xi7) ~ B = SB[ (- Koo Wa Wiy + Y (—Kiin) X;Ven (2Wi, + X7 e,
€S 1€52 1€52

Use T = S and A defined with > 1 as in Lemma 1. Then |A| < nLg;%‘fIhQ and for i € A, us-

ing Lipshitz part of the Kernel Regularity Assumption, |1 — K; ;| < Lkern(z/h). Note also that, as
E[W;,] = 0, [E[W;, Wi,]| < exp(—(z — (47 + 42))/Lumix) (E[[W3, Wi, | + E[[W;, [[E[[W4,|]) < exp(—(z —
’/)/Lmix)2L3n/02mfPAR(7“» $)1/2~ Thenn ™! ( ZieA 1=K, |+ZieS2\A 2 eXp(_(m_V)/LmiX))Llln/OmePAR(ru 55)1/2
< (Lkeleg(;%‘f,:f(x/h) + 2nexp(—(x — y)/LmiX))Lrln/(inprR(r, x)'/2. Additionally, by Hélder inequality

and kernel having |[Ki,i,| < 1, [K;, 5, E[X, ey, (2Wi, 4 X, ei,)]| < 2Liasis frrne (7, )4 Lidom foar (r, @) /44
Lifom L2 frrne (r, )2, Applying n=! 3, _g. to previous bound and adding gives | Lvar(32, ¢ &, X1")—
EIQF]| < fxer(r,z). W

i€S

Assembly of lemmas 1-15. Theorem 1 now follows by assembling the lemmas. For any data generating

process in P and tuning parameters in Tz let

€0 = |Pr(Bo € C) = (1-a)l.
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Suppose that fconp > 0, or equivalently, b > Li_ . . Let

e = 242,

Ve = 4r, + 42
T1. = log(n)?, @, = vy + log(n)?,

Uy = fLLN(S ‘r2*7y*)1/4

3/2

Px = COND( momfPAR("q*,-'171*))3/4

Sax farn (T, 2., v.)3/4,

Jo = nl/(Gdim(S))
v = 4v/1og 1 fodnp Max(Fvar (7w, Tox) /4, fRES (s Tow, we) /2, A fKER (T4, Ta4)).-

Let ¢ = V-12(8 — By) where V = n~10%/Q? and Q = n~! Sies X2 Let Qo = E[Q]. Set =
Yics X'e, and o = var(E)V/2. Let ¢y = o 'Z. Note that E[¢g] = 0 and var(dg) = 1. Let T' =
Yics Xb(r* e;. Additionally ¢ = n~1/2(Z F)((AZK)_UQ. Let ® denote the standard Gaussian cumulative
distribution function. Let t, = qi1_o/2 and recall that fy € C precisely when |(;A5| < to. Next derive a
bound assuming fconp > 0. This will be accounted for later.

Comparing to a Gaussian,

€0 < 2sup | Pr(go < t) — (t)| + sup Pr(|go — t| < v.) + Pr(|¢ — do| > v.)

teR teR
< 4sup|Pr(¢p < t) — ®(t)| + sup Pr(IN(0,1) — t| < vs) + Pr(|p — ¢o| > v4).
teR teR

Note that Pr(|N(0,1) — ¢| < v.) < \/2/mv.. Lemma 6 is applicable to = with choices of delay v,
truncation z = y, moment bound p = p,. Note that the reason that the denominator in the definition of
ps can be used to justify application of Lemma 6 is that Lemma 10 derives E[(|T|~!/? Yier Xﬁ(r)ez) 1>
fconp. Similarly, the numerator defining p. is applicable as a bound for corresponding third moment

quantities for =. Then Lemma 6 gives

sup | Pr(¢o < t) — ®(t)| < 15.1207 2, LIV F¥V-572 4 6 exp(— (5. — )/ Lunix)

n 16p4/9< ;1/3 + n2/3 exp(—(y* . V*)/(SLmix)))LZ]{g‘;j}?/S-

Next, recall QASZ n_1/2(5 + F)(QK)_I/Q and ¢g = Zo L.
|6 = gol <nV2TI@%) T2 40 REN@QF) T2 — (02 /)2,

For bounding Pr(\g/b\— ¢o|l > i), let Jg = @K — 0%/n|. Define the event £ = {dq < (0%/n)/2}. Use
la=1/2 —p=1/2) < 122l Then on &, (%) > (62/n)/2 so ()12 < /2(62/n)~1/% and

2min(a,b)3/
13— g0l < ‘ ’ jo?/n—0%|  VIT| o) Y22 VATl
Va3 maer T e = Pt Jaer e
Also, by the same reason as in the discussion on using p, for applying Lemma 6, 02/n > fconp.
Then note that there is the inclusion of events {|¢ — ¢o| > v.} € €U {|do|v260/ fconp > v./2} U
{\/§|F|/(\/ﬁfé/02ND) > v,/2}. The middle event can also decomposed {|¢o|v/20a/fconp > v./2} C
{Igol > v2Togn} U ({|¢0]v26a/ feonp > v./2} N{|¢o| < v/2logn}). This leads to

(‘dj do| 2 vu) < Pr (6 - fcgND) + Pr(|go| > \/2logn) + Pr (59 > U*fcﬂ)

44/logn
1/2 ¢1/2
+Pr <|p| > M).
2v/2
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Note that Pr(|¢g| > v/2logn) < 2(1 — ®(v/2logn)) + 2sup,cp | Pr(¢o < t) — ®(t)], to which Lemma
6 is applicable. For |I'| note Lemmas 8 and 9 give a bound E[I"*] < n*max;cg E[(Xib(r*)si)‘l] <
N4 Limom Lt s fTRNC (T4, T1.). By Markov’s inequality, it holds that Pr(|T'| > v*nl/QfégND (2v2)) <
6412 Linom L fTRNC (T4, T14) / (V2 f2onp)- Finally, Pr(|0s] > ) < 4u;? fodnp foETA (T4, T24, 1) and
note that {|Qf — Q| > ¢/3} € {I0s] > u.} UU;<5{10;(us)| > (¢/3)/5} and on {|6s] < w.l},
105(0p)] < 107 (us)]-

Let ¢ > 0. Then

Pr(dg > ¢) < 1{|o?/n — E[Q]| > ¢/3} + Pr(|E[QX] — Q| > ¢/3) + Pr(|Q — Q%] > ¢/3).
5
< l{fKER(T*al‘Q*) > g} + C%vaR(T*,.TQ*) + Pr(|5/3| > u*) + ZPr(|(5](u*)| > §/5)

j=1

4 A (T4 Tou, Us 75
fBET ( 2 ) + ?fRES(T*yzQ*,U*)-

c 9
S 1{fKER(T*ax2*) > g} + ?fVAR(T*ax2*) +

uZ feonp
Applying this with ¢ = 1°9¥2 and ¢ = %ﬁ = max(fvar (T, Tow) 4, fRES (T4, Tow, ue) 2, A fER (T4, Z2x))
and recalling that forr(n, ps, Ys, V) = 15.12 n’l/Qp*L}gorifv’;:wy*+5/2—|—6n eXp(—(y*—u*)/Lmix)—HGpi/g (y*_l/?’—l-
n2/% exp(— (g — v2)/(3Lmix))) Lottt gives

€0 é 6fCLT(n,P*,y*»V*)
+ 2/F(4v10gnmax(fVAR(T*,552*)1/47fREs(T*7xz*,U*)1/274fKER(T*,$2*)))

fconp
+2(1—®(+/2logn))
+ 64n2Lm0mLéaSiszRNC (T*7 xl*)/<v>%f(230ND)
36 fVAR (T4, T2+) | 4fBETA ("%, T2, Us) 150 fRES (7, T2k, Us)

fonp u2 f&onn fconp
4fBETA (T*, L2x, ’LL*)

}+

+ H{ fker (7, T2:) £ fC%ND

+9fVAR(T*a«r2*)1/2 + + 75fRES(T*7x2*7U*)1/2~

uZ feonp
Let fr(n,h,z,b) be defined as this final expression, and thus ey < fr(n,h, z,b). For every fixed frame, a

sufficient condition for fg(n,h,z,b) — 0is n — co and

z n
log(n)* oo 2 max-vol(z)max-vol(h)
h n

— 0 - — 0Q.
’ max-vol(z)8dim(S)

— 00,

22 max-vol(z)

|
4. Simulation Study

This section provides simulation results that illustrate the nature of our inference problem and how our

proposed method will improve inference.

Our simulations use a set of n = 500 uniformly distributed locations on a unit square for location data.
These locations are drawn once and used for all subsequent simulations. We consider a regression of Y;
on X; where both processes are one dimensional (i.e., X;,Y; € R), and have the joint same distributions,

and are independent of each other. Both variables have the same multivariate Gaussian distribution that
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can be viewed as a sum of idiosyncratic noise with a spatially correlated component. The DGP is mean
zero with a covariance matrix that is a linear combination of a scaled identity matrix and a non-diagonal

matrix X. So we generate variables X; and Y; with:

X ~MVN(0,[(1 = p)I +pS]) and Y ~ MVN(0,[(1 — p)I + pX])

Where X has components X; and Y has components Y;. ¥ has variances of one and off-diagonal elements
(i,7) given by exp(fd?juC /0) with d%“c being the Euclidean distance between locations ¢ and j. Again,

Y; have the same DGP as X; and they are independent of each other.

We present results where ¥ has parameter § = 1/2/10. To better understand the level of spatial corre-
lation implied by this value of 6, consider the implied ratio of the variance of the sample mean of the
elements of a N (0, %) vector relative to the analog for an N(0,I) vector. A # = v/2/10 implies a sample
mean variance that is approximately 45 times greater than if the DGP were N (0, I). If the same number
of observations were generated from a discrete time series AR1 model, this level of dependence would
correspond to an AR1 with slope of approximately .96. Thus, varying the parameter p from zero to one
results in a wide variety of dependence levels for X; and Y;. Furthermore, this type of DGP presents a
challenge for HAC estimators even with smaller levels of p since it displays non-trivial correlations for
relatively large (compared to our unit square sample region) distances, even when the implied variance
of the mean is moderate. To capture enough terms to do well in terms of bias, kernel bandwidths/cutoffs
need to be large enough that they have enough noise to potentially undermine the quality of distribution
approximations which do not account for noise in variance estimators (and hence do not account for

noise in the denominator of t-statistics).

Entries in Table 1 are rejection frequencies for t-tests under the true null hypothesis of zero slope in a
regression of Y; on X;. The first panel presents results with no G; terms and different bandwidths using
a Gaussian kernel, with variance o2I.  The bandwidth is described by headings .05,.10, .15 which give
the value of 20 for each kernel. The second panel uses the same HAC estimator but adds an 8 x 8 tensor

product of triangular B-splines serving as G; to the regression.”

Rows in Table 1 present differing values of p, starting from p = 0 when both X; and Y; are white noise.
Subsequent rows present alternative values of p. To illustrate the amount of correlation in both X; and
Y; as p increases, the second column labeled ‘corr’ reports the correlation between pairs of observations
at a distance of .10. It is important to note that spatial correlations that would be small in a familiar
time series setting can be very substantial in a spatial setting where there are many neighbors at even
small distances. Small pairwise correlations can add up to very substantial variation in sample means.
As mentioned above, as p approaches one the variance of sample means is similar to its analog for a

highly serially correlated AR1 process.

6For our simulations, we avoid the use of easier-to-interpret uniform kernels since (as is well known) they can yield

negative variance estimates and this happens frequently enough to be an issue.
7In each coordinate dimension the interior splines are spaced to be shape preserving and a ‘half-triangle’ is used at each

edge of the coordinates’ support, see Figure A.1. The tensor product is then formed as all cross-products of these splines

in each dimension.
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The ‘No Splines’ panel illustrates the HAC difficulties that concern us. Appreciable size distortions are
are apparent for p values of .2 and above. Size distortions become very severe as p approaches one.
Increasing kernel bandwidth/cutoff can help improve size distortions but this alone cannot eliminate
distortions because increasing cutoffs while improving bias comes at a cost of increasing noise in variance
estimates undermining the quality of the typical spatial HAC [Conley, 1999| variance approximation used

here.

The ‘Triangle Splines’ panel presents t-test results for regressions that have been augmented with an 8
by 8 tensor product of the triangle (piece-wise linear) B-splines illustrated in Figure 1. Addition of these
B-spline terms can be seen to dramatically improve rejection frequencies, even for the higher values of p
that generate data with high levels of spatial correlation. This illustrates the potential for our method to
drastically improve the size performance of these HAC methods. The sensitivity of rejection frequencies
to bandwidth choice is also greatly reduced. With our method, HAC can work better and be easier to

implement.

8 Triangle Splines lllustration

0 0.2 0.4 0.6 0.8 1

Figure 1: The figure illustrates our set of eight triangle splines in each individual coordinate dimension.
Each is zero for all coordinates outside the base of its triangle. Our tensor spline is comprised of all

products of the eight vertical and eight horizontal coordinate splines.

Table 2 presents average 95% confidence interval lengths for our three HAC bandwidths and HR for
regressions that include our 8 by 8 set of spline basis terms. The format of rows displaying results for
differing values of p is analogous to Table 1. Entries are averages across 1000 simulations of nominal

95% confidence intervals.

The HR confidence intervals have average length about .19. HAC confidence interval lengths for smaller
values of p are also about .19 and then slowly increase as p increases until about .20 at p = .8. HAC
coverage probabilities remain fairly accurate for p between 0 and .8 without a large increase in their
average length. For example, with a bandwidth of 20 = .1 there is at most a 2% size distortion, nominal
95% intervals cover at 93%. With our approach these intervals are both close to nominal coverage

and remain short enough to be scientifically useful. Even with the two most extreme correlation levels
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No Splines Triangle Splines

HAC 20 HAC 20

p Corr .05 10 .15 HR .05 .10 .15 HR

0.0 0.00 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06

0.1 0.05 0.0r 0.07 0.07 0.08 0.05 0.06 0.05 0.06
0.2 010 0.13 0.12 0.11 0.14 0.05 0.056 0.05 0.06
0.3 015 0.16 0.13 0.12 0.18 0.04 0.04 0.05 0.04

04 020 024 019 0.16 0.27 0.06 0.05 0.06 0.06
05 025 026 021 016 032 0.06 0.06 0.06 0.06
0.6 030 030 0.22 0.17 037 0.06 0.06 0.06 0.07

0.7 035 037 028 022 048 0.07 0.07r 0.07 0.08
0.8 039 039 028 023 052 0.09 0.0r 0.07 0.09
09 044 043 031 024 057 0.09 0.08 0.07 0.11

1.0 049 042 030 022 059 0.13 011 0.10 0.18

Table 1: Rejection frequencies testing the true null hypothesis of zero slope with nominal 5% t-tests
for different levels of spatial correlation (p). HAC esimates use Gaussian kernels with 20 = .05,.10,.15.
Right panel uses tensor product of 8 triangle splines illustrated in Figure 1. Column labeled ‘Corr’

displays correlation of points at distance of .1. 1000 simulations.

HAC Bwidth 20
p Corr .05 .10 .15 HR

0.0 0.00 0.19 0.19 0.19 0.19

0.1 005 019 019 0.19 0.19
0.2 010 0.19 0.19 0.19 0.19
0.3 015 0.19 0.19 0.19 0.19

04 020 019 019 0.19 0.19
05 025 019 0.19 019 0.19
0.6 030 019 0.19 0.19 0.19

0.7 035 019 019 0.20 0.19
0.8 039 020 020 020 0.19
09 044 020 021 0.22 0.19

1.0 049 0.22 023 024 0.19

Table 2: Nominal 95% Confidence Interval length for differing DGPs and different HAC estimators.
HAC estimates use Gaussian kernels with 20 = .05,.10, .15. Spatial basis is an 8x8 tensor of triangular

B-splines. Column labeled ‘Corr’ displays correlation of points at distance of .1. 1000 simulations.
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p =.9,1in the Table, the intervals do not explode in length with averages of .20 to .24 across bandwidths.
This paired with size distortions of at most 8% and only 5% with the largest bandwidth imply these

intervals perform well even with very high levels of spatial dependence.

Figure 2 presents five sub-graphs illustrating the performance of our spatial basis pre-whitening approach.
These figures display results from 1000 simulations of our DGP for p = .8. In each simulation, using
the real locations, 500 observations of X; and Y; are generated. We then estimate an OLS regression of
Y; on X; and Gj, for a variety of specifications of GG;. The various G; specifications are all constructed
based upon an 8 by 8 tensor product of triangle B-splines evaluated at the real locations. First the 64
principal components (PCs) of this tensor product are computed. Then options for G; are taken as the
first PC, the first two PCs, first three PCs, and so on until all 64 PCs are used. The horizontal axis
in each subgraph indicates how many PCs were used for G;, thus reading the graphs from left to right

illustrates how results change as the number of PCs is increased.

These sub-graphs simply present averages across simulations of characteristics of a set of fixed models.
The next Section will investigate the performance of model selection algorithms that may choose data-

dependent G; specifications across simulations and thereby improve inference procedures.

The sub-graph labeled ‘HAC 20 = .10 Reject’ presents rejection frequencies for a set of nominal 5% t-
tests of the true null hypothesis of zero slope using a Gaussian kernel HAC estimator with two standard
deviation ‘bandwidth’ equal to .10. As the number of PCs increase, the rejection frequencies generally
decline and approach 7% when all 64 PCs are the constituents of G;. Comparing these rejection frequen-
cies to the 28% rejections reported in Table 1 for the corresponding HAC estimator without a spatial

basis reveals a very substantial improvement in size as the number of PCs is increased.

The sub-graph labeled ‘Avg. CI’ presents the average 95% Confidence Interval length across simulations.
As the number of terms in G; grows, initially these average confidence intervals shrink in length even
as their coverage properties improve. Eventually, as the number of PCs climbs above 50 the average CI
length begins to rise slowly. When all PCs are used it is approximately 3% larger than it’s minimum
length. This is in line with the anticipated effects of increasing the number of terms in the spatial basis
G;. Adding terms will reduce spatial correlation in residuals which will tend to lower the variance of the
B\ estimator but it will also remove some of the identifying variation in X; which acts to increase the
variance of B It appears that the first effect dominates up to about 40-50 PCs and after that the latter

dominates.

The sub-graph labeled ‘HR Reject’ displays rejection frequencies for heteroskedasticity robust standard
errors, with no spatial dependence correction. For small numbers of PCs there are unsurprisingly very
large size distortions. However, as the number of PCs approaches 64 these rejection frequencies approach

about 9%, the spatial basis drastically reduces the spatial dependence in scores.
The second row of sub-graphs illustrate potential model selection criteria, Bayesian Information Criteria

(BIC) and nearest neighbour correlations in residuals, labeled ‘BIC’ and ‘NN Corr’ respectively. In

interpreting the BIC sub-graph recall that averages across simulations for a given number of PCs are
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Properties of Alternate G Specifications Using Principal Components

HAC 20 = .1 Reject Cl Length HR Reject
0.25 0.28 0.5
0.2 0.26 0.4

0.15 0.24 0.3
0.05 ' '

0 20 40 60 0 20 40 60 0 20 40 60

BIC NN Corr

1350 0.5
1300 0.3
1250 0.1

0 20 40 60 0 20 40 60

Number of Principal Components

Figure 2: The horizontal axis indexes the number of principal components from an 8 by 8 tensor product

of triangle B-splines used in the spatial basis, G;. The DGP uses p = .8.

displayed, not the results of a search for minimum BIC within each simulation. This graph still illustrates
a tendency for BIC to be lower with intermediate numbers of PCs and then rise as the number of PCs
approach 64. Nearest neighbor correlations in contrast have a tendency to decline as the number of PCs

increases. We examine two candidate data-driven G; choice methods in the following Section.

5. How to Pick GG;? Simulation evidence for two methods

In this Section, we examine potential methods for choosing G; when the data have two-dimensional
coordinates and the functions that underlie the construction of G; are triangle B-splines evaluated at the
coordinates. We investigate using either (1) an absolute nearest neighbor (NN) correlation in residuals
to choose G; and pair it an ad hoc HAC bandwith or (2) use a method due to [Cao et al., 2023] that
uses a simulation exercise to choose a combination of kernel bandwidth, G;, and critical values. We refer
to this as the CHKV method.

With both methods, candidates for GG; are sets of principal components of matrices of tensor products
of B-splines. First, we construct a tensor products of B-splines in each dimension and calculate it’s
principal components (PCs). The set of potential candidates for G; is the collection consisting of G;
corresponding to the first PC, G; corresponding to the first two PCs, and so on until G; corresponding
to the full set of PCs. In these simulations, we examine tensor products of 10 triangle B-splines in each

dimension to form the set of candidate G;. 8

Our simulations described below use the same locations, set of DGPs, and simulation sample sizes as in

8Results for 8 by 8 tensors are qualitatively similar and available upon request.
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the previous Section.

Nearest Neighbor Residual Correlation

For each simulated dataset, we estimate our model via an OLS regression of simulated Y; on simulated
X,; and some G;. For each candidate G; we calculate the absolute value of the NN residual correlation.
The G; that minimizes this absolute NN residual correlation is the chosen model for that simulated
dataset. We then compute a set of HAC estimates as in the previous section via Gaussian kernels with
20 = .05,.10,.15.

Tables 3 and 4 present simulation results for rejection frequencies and 95% confidence interval length
for our NN selection method for G. Rejection frequencies in Table 3 are very similar to those in Table
1. There are drastic size improvements versus not using splines, size distortions are small, 1% to 2%
up to p = .8 with little variation across the bandwidths here. Confidence interval lengths in Table 4
are also similar to those in Table 1, length does increase with p but not drastically. For lower levels of
p there appears a slight advantage of the NN method in generating shorter average length confidence
intervals but they are still close, often .18 versus .19. Even for the most severe levels of dependence, size

distortions are modest with the larger bandwidth HAC estimator, at most 4%.

CHKYV Simulation-based tuning parameters

The CHKV approach uses an approximate model DGP F(7) to conduct, within each simulation, a
Monte Carlo exercise to select a G;, a bandwith for a Gaussian kernel HAC standard error estimator,
and critical values. Refer to a given combination of these as (G;, bw, c¢v). The algorithm will search
over gridded-up set of combinations of G and bw.? The procedure for each simulation is: (1) fit the
approximate model to the simulated dataset to get an approximate DGP: F(7). (2) Using the real
locations, generate a large sample of Monte Carlo (MC) draws from F(7). (3) For each candidate (Gj,
bw) use the MC draws to determine a 5% critical value for a t-test of the true null of zero slope cvpre as
the 95th percentile of the MC absolute t-statistics. (4) Take as the critical value, cv, for the triple (G,
bw, cv) the max(cvpc,1.96). (5) Use the MC draws to estimate average power versus a set of false null
hypotheses regarding the regression slope. 19This will create an average power number for each (G;, bw,
cv) option. (6) Choose the (G;, bw, c¢v) that has the highest average power and use it for the simulation

dataset.

Table 5 presents simulation results for rejection frequencies and 95% confidence interval length for the
CHKV.!'! This Table shows a very different pattern in rejection frequencies as p varies compared with
Tables 1 and 3. There are minimal size distortions for high and low p but distortions of up to 8%

for medium values. Because the CHKV method uses simulations from an approximate model F(7) to

9This grid contained all combinations of Gaussian Kernel bandwidth (20) taking values of [0.0, 0.025, 0.05, 0.075, 0.10,

0.125, 0.15] and number of PCs of the 10x10 B-splines from the set [0, 10, 20, 30, 40, 50, 60, 70, 80, 90, 99].
10We calculated power for 2 alternatives, slope = :i:?)/Nl/2
HThe rows of the Table refer to differing values of p in our simulation DGP, just as in previous tables. Likewise the

second column provides the true DGP correlation at distance of .1. Rej. F. reports rejection frequencies of the true null
hypothesis of zero slope. The last two columns report average 95% length and the average number of PCs used across the

simulations. A 10 by 10 tensor of triangle B-splines is used.
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Stmulation Results: Rejection Frequencies

No Splines Triangle Splines

HAC HAC

p Corr .05 10 .15 HR .05 .10 15 HR NN  PCs

0.0 0.00 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 -0.02 11.55
0.1 005 0.0 0.07 0.07 0.08 0.05 0.05 006 0.06 0.00 21.52
0.2 010 0.13 0.12 0.11 0.14 0.0 0.0r 0.07 0.07 0.00 32.58
0.3 015 0.16 0.13 0.12 0.18 0.05 0.056 0.06 0.05 0.00 40.02
04 020 024 019 0.16 027 0.06 0.06 0.06 0.06 0.00 48.72

05 025 026 021 016 032 0.05 0.06 006 0.06 0.00 60.26
0.6 030 030 0.22 0.17 037 0.06 0.06 0.06 0.06 0.00 70.48
0.7 035 037 028 022 048 0.07 0.0r 0.07 0.08 0.01 82.56
0.8 039 039 028 023 052 006 0.06 006 0.06 0.01 93.45
09 044 043 031 024 057 0.09 0.0r 006 0.10 0.03 97.29

1.0 049 042 030 022 059 011 0.10 0.09 0.15 0.05 97.69

Table 3: Rejection frequencies testing the true null hypothesis of zero slope at the nominal 5% significance
level for different values of spatial dependence indexed by (p). Gaussian kernel HAC variance estimators
use 20 = .05,.10,.15. For each simulation, the spatial basis consists of some number of principal compo-
nents of a 10x10 tensor of triangle B-splines. The number of PCs is chosen to minimize the absolute
value of residuals’ nearest neighbor correlation. The column labeled NN reports the average nearest
neighbor residual correlation across simulations. PCs is the average number of principal components

used across simulations. Column Corr shows the true correlation at distance h = 0.1. 1000 simulations.

choose bandwidth, G;, and critical values, it is vulnerable to the choice of F'(7). Our simulation DGPs
have a discontinuity in the covariance function at zero when p is not 1 or 0. The F(7) we use for the
CHKYV procedure does not allow such a discontinuity at zero, its covariances decay geometrically and
are continuous at zero. This causes F'(7) to be a better approximation of the true simulation DGP for
high and low p than for medium p. For p = 0,1 it nests the true DGP. The CHKV results are still a
vast improvement versus not using our method at all but their reliance on having a high quality model
for F(7) is a drawback.

Overall, we think the choice of NN versus CHKV boils down to whether the researcher feels they have a
good guess at an approximating model F(7), using CHKV if so and NN if not. In the empirical example

in the next section we use NN.

6. Empirical Illustration Revisiting the Relation Between Government Centralization Mea-

sures and Night-Time Illumination Measures

To illustrate our method we apply it to a regression from the study, “Pre-Colonial Ethnic Institutions and

Contemporary African Development” [Michalopoulos and Papaioannou, 2013], first column of Table 2.1.
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Simulation Results: Confidence Interval Lengths

HAC

p Corr .05 .10 .15 HR

0.0 0.00 0.18 0.18 0.17 0.17
0.1 005 018 0.18 0.18 0.17
0.2 010 0.18 0.18 0.18 0.18
0.3 015 0.18 0.18 0.18 0.18
04 020 0.19 0.19 0.19 0.17

05 025 019 0.19 0.19 0.17
0.6 030 019 0.19 0.20 0.17
0.7 035 020 0.20 020 0.17
0.8 039 020 021 021 0.17
0.9 044 021 021 0.22 0.17

1.0 049 0.22 0.23 024 0.17

Table 4: 95% Confidence Interval length of different HAC variance estimators. Gaussian kernel HAC
variance estimators use 20 = .05,.10,.15. The number of principal components of a 10x10 tensor of
triangular B-splines that minimize the residuals’ absolute nearest neighbor correlation. 1000 simulations.

Column Corr shows the true correlation at distance h = 0.1. 1000 simulations.

Simulation Results: Bandwith/Basis Selection Method

p Corr. Rej. F. CI Length Avg PCs

0.0 0.00 0.04 0.18 7.54
0.1  0.05 0.05 0.18 3.35
0.2 0.10 0.07 0.18 1.98
0.3 0.15 0.12 0.18 3.86
04 020 0.12 0.19 10.76
0.5 0.25 0.12 0.20 25.29
0.6 030 0.09 0.20 43.83
0.7 035 0.06 0.21 59.39
0.8 0.39 0.04 0.22 70.15
0.9 044 0.04 0.23 76.19
1.0  0.49 0.05 0.26 84.58

Table 5: Rejection frequencies and confidence Interval lengths using the bandwidth/G; selection method.
Approximate covariance matrix is exp(7p) exp(—71 - D), where D is the matrix of the euclidean distances

between the locations. 10 by 10 tensor product of spline.
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The specification is a bi-variate regression of log night-time illumination of an ethnic group’s homeland
region on a treatment variable that is the degree of centralization of the governance of the group’s histor-
ical tribe ranging from 0 for stateless to 3 for strong centralized states. The regions/groups are derived
from on Murdoch’s “Ethnographic Atlas”. Original study standard errors used HAC [Conley, 1999] and
clustered by country and ethnic group. The study’s 683 observation locations are plotted in Figure 4

below.

Figure 3 illustrates our NN (nearest neighbor) residual absolute correlation objective function for different
size tensors, from 9 by 9 to 12 by 12. The 12 by 12 tensor yields an NN residual absolute correlation
of approximately zero with the fewest number of PCs, so that is our baseline choice for G;. Our NN
approach uses the information in Figure 3 to choose a GG;. We anticipate that many researchers will want
to consider tradeoffs in NN residual correlation with the number of variables in G;. Since we are using
HAC standard errors, inference using G; with NN correlations that are small may work just as well as
with a larger GG; with NN correlations of zero. Based on the Figure, we will focus on G; choices of 65

and 50 PCs from a 12 by 12 tensor with NN correlations of approximately zero and 5% respectively.

Tables 6 presents point estimates and standard errors of the treatment slope of the original MP regression
and our estimates for G; defined using different numbers of PCs and alternate HAC estimators.!? Here,
we differ from our kernel choice in simulation sections and use a uniform kernel for our HAC estimators
for ease in interpretation. In Table 6 Panel A, 65 PCs yield a NN residual correlation of approximately
zero while, in Table 6 Panel B, 50 PCs result in about a 5% NN correlation. Standard errors in both
Tables are very similar to each other and across HAC bandwidths. Our standard error estimates are
much smaller than those in MP which did attempt to allow for dependence with two-way cluster and
with HAC standard errors (which turned out to be very similar). It is also important to note the shift

in our point estimates versus MP. Overall, our confidence intervals are substantially lower and shorter.

Government Centralization and Night-Time Illumination

Original HAC(150) HAC(250) HAC(350)

Panel A: 65 PCs

Point Estimate A1 23 .23 .23
Std Error 12 .07 .06 .07

Panel B: 50 PCs
Point Estimate 41 .22 .22 .22
Std Error 12 .07 .07 .07

Table 6: Point Estimates and Standard Errors, Original and HAC with uniform kernel bandwidths of
150,250, and 350km. G is 65 PCs from 12 by 12 tensor product of triangle B-Splines in Panel A. G is 50
PCs from 12 by 12 tensor product of triangle B-splines in Panel B.

12To illustrate an estimated G Figure 5 displays an estimated “surface” for one G choice.
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Absolute Correlation between Nearest Residuals
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Figure 3: Absolute NN correlations for choices of tensor from 9 by 9 to 12 by 12 and alternate numbers
of PCs.

Locations with Bottom-Coded Nighttime Lights Measurements
40 T T T

2 Nighttime Lights = 0
+ Nighttime Lights > 0

Figure 4: The Figure illustrates locations from the data used in [Michalopoulos and Papaioannou, 2013]
in which nighttime lights measurements are sufficiently low to be bottom coded. Coordinates are longi-

tude and latitude. Circles are used for bottom-coded observations, plus signs for the remainder.
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12 Tensor Surface of Night-time lllumination

Figure 5: The Figure illustrates estimates G4 versus coordinates as an estimated "surface" using 60 PCs

from a 12 by 12 tensor product of triangle B-splines.

7. Conclusion and Discussion

In this paper, we have presented a method that makes it easier to conduct spatial dependence robust
inference using spatially indexed data. The general structure of the method has two steps. First, the
method augments the regression specification with spatially localized regressor terms that we call spatial
basis terms. These spatial basis terms have true coefficients of zero but in small samples absorb some of
the spatial dependence in residuals and scores. The augmented specification has the advantage of having
less severe spatial correlation of scores making inference easier. Spatial dependence in scores is reduced
but not eliminated, so the second component of the method is application of a HAC method to obtain
spatial dependence robust confidence intervals. The requisite tuning parameters to implement HAC
inference are much easier to choose with the reduced-correlation scores from our spatial basis augmented

first stage, compared with the original scores.

The paper derives statistical properties of our procedure and gives a precise sense in which our confidence
sets achieve approximately (i.e., asymptotically) nominal coverage. We present formal restrictions on
the choice of spatial basis terms and HAC tuning parameters to ensure consistency of point estimates
and validity of confidence intervals. The simulation study we present shows that our approximations
work well in datasets as small as n = 500, with various nontrivial levels of spatial correlation; see Section
4 above. It also demonstrates that basis choice via minimizing a nearest neighbor absolute correlation
in residuals, while ad hoc, works well even with high levels of spatial dependence. While our analysis
focuses on using a second stage HAC estimator, augmenting regressions with our spatial basis terms is

feasible with many spatial dependence robust inference procedures.
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