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Abstract

We study the use of asset-backed money in a neoclassical growth model
with illiquid capital. A mechanism is delegated control of productive capi-
tal and issues claims against the revenue it earns. These claims constitute
a form of asset-backed money. The mechanism determines (i) the number
of claims outstanding, (ii) the dividends paid to claim holders, and (iii)
the structure of redemption fees. We find that for capital-rich economies,
the first-best allocation can be implemented and price stability is optimal.
However, for suffi ciently capital-poor economies, achieving the first-best
allocation requires a strictly positive rate of inflation. In general, the min-
imum inflation necessary to implement the first-best allocation is above
the Friedman rule and varies with capital wealth.

Keywords: Limited Commitment, Asset-Backed Money, Optimal Mone-
tary Policy

JEL: D82, D83, E61, G32
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1 Introduction

The end of Bretton Woods in 1971 ushered in the era of fiat currencies. This decou-
pling of currency from a commodity standard raised many issues among economists,
such as price-level determinacy, the optimal rate of inflation, and most importantly,
who should be in charge of the monetary system —the government or the private
sector? Friedman (1969), Klein (1974, 1976), and Hayek (1976) argued strenuously
that privately managed monetary arrangements were feasible and would lead to the
best economic outcomes. Under this system, a commodity-backed private currency
would pave the way to price stability — that is, zero inflation. The main point of
contention was whether or not it is essential in such a system for a government to
provide a monopoly currency. In short, the debate centered on whether a government
fiat currency offers unique advantages.

The inflation of the 1970s rekindled this debate in the 1980s, as reflected in the
work by Barro (1979), King (1983), Wallace (1983), Sargent and Wallace (1983), and
Friedman and Schwartz (1986). Again, the discussion on private monetary systems
focused on commodity money backed by gold or silver. However, Fama (1983) ar-
gued that asset-backed claims were suffi cient and actually offered advantages over
a specie-backed currency. According to this arrangement, the financial intermedi-
ary would not issue liabilities redeemable in specie, since the claims would be equity
claims. The financial intermediary was simply a conduit for transferring the returns
on the underlying assets to the claim holders. Nevertheless, Fama argues that due
to information and computation costs, fiat currency would still be needed for "hand-
to-hand" transactions. While the Great Moderation and the decline in worldwide
inflation since the early 1980s caused the profession to lose interest in this topic, the
recent financial crisis has led to renewed public debate on the necessity of having a
government fiduciary currency, most notably from the "End the Fed" supporters in
the United States.

Although the literature on privately managed monetary systems focuses on many
dynamic issues such as price stability, surprisingly, none of this work has used choice
theoretic, dynamic general equilibrium models.1 Much of the analysis is static, purely
intuitive, or focuses on historical episodes. Another problematic issue is that the
underlying frictions giving rise to the need for currency were not well specified. This
was an obvious problem recognized early as evidenced by Helpman’s (1983, p. 30)
discussion of Fama’s paper:

The argument for an uncontrolled banking system is made on effi ciency
grounds by means of the frictionless neoclassical model of resource al-

1Notable exceptions are Sargent and Wallace (1983), who study a commodity money economy
in an overlapping-generations framework, and Berentsen (2006), who studies the private provision
of fiat currency in a random matching model with divisible money.
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location. But this framework does not provide a basis for arguing the
desirability of price level stabilization. If indeed stabilization of the price
level is desirable, we need to know precisely what features of the economy
lead to it. Then we have to examine whether such features make an uncon-
trolled banking system desirable. This problem is of major importance,
but it is not addressed in the paper.

Modern monetary theory has made clear progress in addressing Helpman’s critique
of Fama’s work by specifying the frictions needed to make a medium of exchange
essential for trade.2 Furthermore, due to advances in macroeconomic and monetary
theory, we are now able to use choice theoretic, dynamic general equilibriummodels to
revisit these issues. These tools allow us to address a variety of questions regarding the
impact of an asset-backed money (ABM) on the real economy and the price level. For
example, is price-level stability desirable? More generally, how should the monetary
instrument be designed and managed to achieve a good allocation? Our objective in
this paper is to build a macroeconomic model to provide answers to questions of this
nature.

We use the Aruoba and Wright (2003) neoclassical growth model to study the
use of intermediated assets as media of exchange. As in their model, a medium of
exchange is needed for some transactions. Physical capital is assumed to be illiquid
and thus cannot serve directly as a medium of exchange. However, rather than fiat
currency, we assume that a mechanism is delegated control of the stock of physical
capital and issues equity claims against the revenues that it earns. These claims
are used as a medium of exchange and constitute a form of ABM.3 The mechanism
consists of a set of rules that specifies (i) the number of claims outstanding, (ii)
the dividends paid out to claim holders, and (iii) the redemption fee charged for
disbursing the dividend.

We focus our attention on implementing first-best allocations. We find that for
capital-rich economies, the first-best allocation can be implemented and price stability
is optimal as Fama suggested. However, for suffi ciently poor economies, achieving the
first-best allocation requires a strictly positive inflation.

Literature Aruoba and Wright (2003) assume that physical capital is illiquid in
the sense that capital cannot be used as a payment instrument in the goods market.
To facilitate trade in that market, a new asset is introduced —a fiat money object
(more generally, government debt) that is assumed to be liquid. As is standard, they
find that the Friedman rule (µ = β < 1) is an optimal policy. That is, if lump-sum

2These frictions include a lack of record-keeping (public communication of individual trading
histories) and a lack of commitment.

3William Roberds pointed out to us that the central banks of 300 to 600 years ago operated
exactly in this manner. See Fratianni (2006).
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taxation is available, then it should be used to contract (deflate) the money supply
to generate an effi cient real rate of return on money. Lagos and Rocheteau (2008)
modify the Aruoba and Wright (2003) model by permitting capital to circulate as a
payment instrument. In some cases, capital is over-accumulated and the introduction
of a second asset —again, fiat money or government debt —can improve effi ciency.
The optimal policy is again the Friedman rule (µ = β < 1).

Our approach contrasts with the previous two papers in the following ways. First,
we assume that capital is illiquid, but that intermediated claims to capital are not.
This assumption is innocuous if the stock of ABM is fixed. However, we allow the
stock of ABM to change over time. This is one distinction between our paper and
Lagos and Rocheteau (2008).4 Second, we do not (although we could) introduce a
second asset (such as fiat money or government debt). Consequently, monetary policy
in our model is restricted to managing the supply of ABM. Third, first-best imple-
mentation in our model is possible even without lump-sum taxes, at least, in patient
economies. Fourth, we find that an optimal mechanism may require inflation —which
is equivalent to a policy of persistent (and predictable) dilution of the outstanding
stock of ABM. This latter result is consistent with Andolfatto (2010) who abstracts
from capital. Our results are more general in that the minimum inflation necessary
to implement the first-best allocation varies with an economy’s capital stock. In par-
ticular, first-best implementation can be consistent with moderate deflations away
from the Friedman rule.

Although we have only one medium of exchange, our paper is related to a body
of research that studies the coexistence of fiat money and other assets as media of
exchange. This literature finds that if a real asset can be used as a medium of exchange
and its fundamental value is suffi ciently high, then the first-best allocation can be
obtained. However, if the fundamental value is too low, the real asset will carry a
liquidity premium and the first-best allocation will be unattainable (see Waller, 2003;
Geromichalos et al., 2007; and Lagos and Rocheteau, 2008). It then follows that
introducing a second asset (typically fiat money) to reduce this liquidity premium
will lead to better allocations. Thus, fiat money is essential even though real assets
are available as exchange media. With respect to this literature, we are able to show
that even when the fundamental value is too low, mechanisms can be designed to
attain the first-best allocation without the need for a second asset.

Using a mechanism design approach, Hu and Rocheteau (2014a, 2014b) gain ad-
ditional insights into the coexistence issue. Hu and Rocheteau (2014a) investigate
the coexistence of fiat money and higher-return assets in an economy with pairwise
meetings, where fiat money and risk-free capital compete as means of payment. They

4In Lagos and Rocheteau (2008) capital is privately owned and managed. Here, the mechanism
manages the capital stock and can use the capital return to back the ABMs. Thus, while the
mechanism has no access to lump-sum taxes in our model, it is delegated control of real wealth and
controls the dividend stream.
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find that in any stationary monetary equilibrium, capital has a higher rate of return
than fiat money. In Hu and Rocheteau (2014b), they study the effects of monetary
policy on asset prices. Although some research questions are similar to ours, such
as which conditions are necessary for first-best allocations to be obtained, our paper
differs from this literature in that we do not study coexistence issues, since we restrict
attention to cases where a single exchange medium is suffi cient.5

2 Environment

2.1 Preferences and technologies

Our environment is based on Aruoba and Wright (2003). Time t is discrete and the
horizon is infinite. Each period is divided into two subperiods, which we refer to
below as the AM and PM (subperiods), respectively. There is a [0, 1] mass of ex ante
identical agents with preferences given by

E0

∞∑
t=0

βt
{
σ [u(qct )− qt] + θU (Ct) +N −Nt

}
. (1)

Agents are randomly assigned to one of three states in the AM: consumers, pro-
ducers, or idlers. The probability of becoming a consumer is σ, the probability of
becoming a producer is σ, and the probability of becoming an idler is 1− 2σ, where
0 < σ < 1/2. The AM good is nonstorable. A consumer derives flow utility u(qct )
from consuming the AM good qct , and a producer derives flow utility −qt from pro-
ducing the AM good qt at time t. The AM flow utility for idlers is normalized to
zero. Assume u′′ < 0 < u′ and u(0) = 0, u′(0) = ∞. As there is an equal mass of
producers and consumers, feasibility and effi ciency imply qct = qt. The discount factor
is restricted to lie in the interval σ < β < 1, and we assume u (q∗) q∗ ≥ (1− σ)σ.6

All agents have the same preferences and opportunities in the PM. Their PM flow
utility payoff is given by θU (Ct) +N −Nt, where Ct is consumption of the PM good,
Nt denotes the aggregate labor input at time t, and N is the endowment of time.7

5Another related strand of this literature assumes there is an asymmetric information problem
with the real asset (Rocheteau, 2011; and Lester et al., 2012) or that the real asset has better
consumption-hedging properties for some agents than others (Jacquet and Tan, 2012).

6These are suffi cient conditions for existence of an ABM equilibrium as explained in the proofs.
The former condition requires that agents cannot be too impatient. The latter condition requires
that the gains from trading are suffi ciently large. Either, given the trading probability σ, the match
surplus u (q∗)− q∗ has to be suffi ciently large, or, given the match surplus, the trading probability
has to be suffi ciently large.

7Since preferences are linear in Nt, individuals are in fact indifferent across lotteries that deliver
Nt in expectation. It is useful to keep this in mind when we consider the properties of decentralized
allocations below.
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Throughout the paper, we assume that N is suffi ciently large such that the constraint
N ≥ Nt never binds. Assume that U ′′ < 0 < U ′ with U(0) = −∞ and U ′(0) = ∞.
The parameter θ indexes the relative weight agents place on consumption vis-à-vis
labor in their preferences and will play an important role in our analysis below.

Production of the PM output is standard neoclassical: Qt = F (Kt, Nt), where
F exhibits all the usual properties, and Kt and Nt are the aggregate capital and
labor inputs, respectively. Let f(k) ≡ F (K/N, 1), where k ≡ K/N . The resource
constraint is given by

Ct = F (Kt, Nt) + (1− δ)Kt −Kt+1, (2)

for all t ≥ 0, withK0 > 0 given and where 0 ≤ δ ≤ 1 is the rate of capital depreciation.

2.2 First-best allocation

We define a first-best allocation to be a sequence {Kt+1, Nt, Ct, qt}∞t=0 that maxi-
mizes (1) subject to (2), with K0 > 0 given. The steady-state first-best allocation
constitutes a set of numbers (K∗, k∗, C∗, q∗) satisfying:

u′(q∗) = 1 (3)

β [f ′(k∗) + 1− δ] = 1 (4)

[f(k∗)− f ′(k∗)k∗] θU ′(C∗) = 1 (5)

[f(k∗)/k∗ − δ]K∗ = C∗ (6)

where N∗ = K∗/k∗. Lemma 1 follows immediately from (3)-(6).

Lemma 1 q∗ and k∗ are determined independently of θ. K∗(θ), N∗(θ) and C∗(θ) are
strictly increasing in θ.

3 Asset-backed money

Aruoba andWright (2003) examine the properties of equilibria under the assumptions
that (i) agents are anonymous; (ii) capital cannot be used as a payment instrument
in the AM market; and (iii) there is a fiat money instrument that can be used as
a payment instrument in the AM market; and (iv) the government has access to a
lump-sum tax instrument. They find that the Friedman rule (i.e., to deflate at the
rate of time preference) is an optimal policy.

In this paper, we maintain assumptions (i) and (ii) used in Aruoba and Wright
(2003), but we remove assumptions (iii) and (iv) and replace them with two others.
First, we assume that the monetary instrument takes the form of an asset-backed
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money (ABM) instrument. Second, we assume that all trade must be voluntary
— that is, there is no lump-sum tax instrument. Our purpose is to examine the
properties of an optimal monetary policy when money takes the form of ABM and
when all trade must be sequentially rational.

3.1 Capital and labor markets

We assume that all markets are competitive.8 In particular, capital Kt and labor
Nt are traded in a competitive factor market in the PM.9 Factor market equilibrium
implies that capital and labor earn their respective marginal products. Consequently,
in the PM, the real wage and rental rates, respectively, satisfy

w(kt) = f(kt)− f ′(kt)kt (7)

r(kt) = f ′(kt). (8)

3.2 Frictions, market structure and mechanisms

The key friction is anonymity, which precludes private credit arrangements and gen-
erates the need for an exchange medium. One possibility is to follow Lagos and
Rocheteau (2008) and have capital serve as a payment instrument. These authors
assume a competitive market structure and demonstrate that for some parameters,
capital is overaccumulated. They then introduce a mechanism (interpreted as a mon-
etary authority) that manages a supply of fiat money that competes with capital as
an exchange medium. When their mechanism is programmed to destroy fiat money at
the rate of time preference (the Friedman rule), the resulting equilibrium implements
the first-best allocation.

The Lagos and Rocheteau (2008) mechanism is endowed with a coercive power
that is used to extract resources from the population.10 These resources are necessary
to finance an optimal deflation. The coercive aspect of their mechanism invites one
to interpret it as a government with the power to exact lump-sum taxes. We want to
restrict attention to mechanisms that have no coercive power. To the extent that our
mechanism requires an income source resembling tax revenue, the mechanism must
induce individuals to pay these taxes voluntarily. Because payments made under

8Bargaining frictions play no essential role in our analysis, so we abstract from them for simplicity.
Note, however, since producers have linear disutility in the AM, the outcome in the AM is the same
when buyers make take-it-or-leave-it offers to producers.

9We maintain the assumption of Aruoba and Wright (2003) that individuals cannot produce PM
goods themselves. They can only supply labor to firms and earn wage ω.
10We use the word mechanism as short hand for a policy rule, or protocol. While the mechanism

is exogenous as far as individual agents are concerned, one could think of agents as collectively
determining the protocols under which they wish to be governed.
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these conditions look more like voluntary “fee for service”exchanges, our mechanism
could be interpreted as a non-government agency programmed to serve private-sector
stakeholders in a non-coercive manner. Our preference, however, is to remain agnostic
with regard to interpretation and focus on the nature of optimal policy. However, if
it helps to fix ideas, the reader is free to interpret our mechanism as a government
agency with monopoly rights over money-issuance, but with no power to tax.11

Our mechanism is delegated control rights over the capital stock, which we assume
to be illiquid.12 Because transition dynamics are peripheral to the points we wish
to emphasize below, we simplify by restricting attention to steady states in what
follows. Thus, we assume that the mechanism is programmed to maintain an initial
capital stock K0, with K0 being arbitrary (as long as it is feasible).13 In particular,
when we set K = K∗ we implicitly assume K0 = K∗.14 All other quantities, such as
consumption and labor effort, are chosen by individuals in the usual way.

In exchange for the control rights over capitalK, the mechanism issues paper notes
that constitute legal claims against the net income generated by the mechanism. We
refer to these paper notes as asset-backed money (ABM). Let Mt denote the supply
of ABM at date t. The mechanism expands the supply of ABM at the constant
(gross) rate µ = Mt+1/Mt. Newly issued ABM is injected into (or withdrawn from)
the economy in the PM subperiod only. We assume that ABM constitutes the only
medium of exchange. Let (φ1,t, φ2,t) denote the competitive price of ABM measured
in units of AM and PM output, respectively. Let St = (µ − 1)φ2,tMt denote the
seigniorage revenue collected by the mechanism measured in units of PM goods. Of
course, in a steady state φ2,tMt = φ2,t+1Mt+1, so that St = S and φ2,t/φ2,t+1 = µ.

Apart from capital rental income and seigniorage revenue, there is a third potential
source of earnings for the mechanism. In particular, it may collect revenue in the
form of redemption fees T , again, measured in units of PM output. These combined
earnings are used to finance investment I = δK and an aggregate dividend D. Thus,
the mechanism is subject to a budget constraint:

δK +D = r(k)K + (µ− 1)φ2M + T. (9)

11We restrict our analysis to a single money-issuing agency to avoid the delicate (and interesting)
issues that arise when there are potentially multiple competing currencies.
12In general, we could assume that control rights are delegated over only some fraction of the

capital stock.
13For the readers interested in transition dynamics, the mechanism could be programmed to follow

a path for the capital stock {Kt+1}∞t=0, with K0 > 0 given. Any such path is permitted as long as
the implied net investment at each date can be financed from retained earnings. One such path is
the first-best solution.
14No agent (or agency) in our economy chooses the capital stock. The point we want to investigate

here is the optimal design of policy for a given capital stock. This issue is of interest, since even
if the capital is effi cient, the level of economic activity in the AM market need not be. It is in
these circumstances that we ask how a well-designed monetary policy and ABM instrument might
implement the first-best allocation (3)-(6).
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We now describe specifically how the ABM is designed. First, one unit of ABM in
the PM entitles the holder to a dividend dt. In most setups, it would be suffi cient to
define dt as the dividend per unit of outstanding ABM. Things are a little different
here, because we assume that in order to collect this dividend, an individual must
pay a redemption fee τ (individuals are allowed to keep their ABM post redemption).
Let Zt ≤Mt denote the units of ABM that are presented for redemption. We define
dt = D/Zt, where Zt depends on individual behavior.

Let mt(i) denote the ABM holdings of an individual i in the PM at date t. As
the redemption choice is voluntary, an agent will collect the dividend if, and only if,
dtmt(i) ≥ τ . Define the indicator function for individual i ∈ [0, 1] by χt(i) ∈ {0, 1} ,
where χt(i) = 1 means that the redemption option is exercised at date t. Then
Zt =

∫
mt(i)χt(i)di and T = τ

∫
χt(i)di.

15

Matters are greatly simplified if at this stage we invoke a result that is known to
hold in this class of quasilinear models. In particular, the equilibrium distribution of
ABM at the beginning of the PM will be massed over three points {0,M, 2M}. That
is, the mass σ of AM consumers enter the PM with zero units of ABM, the mass
(1− 2σ) of AM idlers enter with M units of ABM, and the mass σ of AM producers
enter with 2M units of ABM. Below, we design the ABM in a manner such that
the mass (1− 2σ) of idlers and the mass σ of producers will voluntarily exercise the
redemption option. In this case, Zt = Mt and

∫
χt(i)di = 1− σ. Moreover, we have

D = dtMt ≥ τ and T = (1− σ)τ . (10)

Formally then, given some initial capital stock K0 and initial stock of ABM M0,
a mechanism can be defined here as three objects (D,µ, τ) satisfying (9) and (10),
together with the redemption rule that is built into the design of ABM. Note that,
since D is constant, a growing stock of ABM means that the dividend dt is decreasing
over time.

We define a passive mechanism as a mechanism with the property (µ, τ) = (1, 0).
In this case, dividends consist solely of net capital income, D = [r(k)− δ]K. Any
mechanism that is not a passive mechanism is referred to below as an active mecha-
nism.
15Note that it is not without loss in generality that we assume that d and τ are independent of

m. For example, one could imagine the mechanism could do better by letting τ be a function of m
(possibly decreasing) and by specifying that dm is a general function of m (not necessarily linear
as we assume). This is not relevant for the parametrizations for which our mechanism delivers the
allocation (1)-(4), but may be for those cases where it does not.
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4 Individual decision-making

We now drop time subscripts from our notation. Any variable without a time sub-
script is to be understood as a contemporaneous variable. A “one-period ahead”
variable xt+1 will have the notation x+. Likewise, we denote xt−1 as x−.

4.1 The PM market

An individual who enters the PM with m units of ABM faces the budget constraint

c+ φ2m
+ = (φ2 + χd)m+ wn− χτ, (11)

where m+ ≥ 0 denotes the ABM carried into the next-period AM, and n represents
the individual’s labor supply.16 Note that n < 0 is permitted here and is interpreted
as a household buying leisure at market price w. The act of redemption is sequentially
rational if, and only if,

dm ≥ τ . (12)

This, in turn, implies that only agents entering the PM market with large enough
money balances (m ≥ τ/d) will exercise the redemption option. In what follows, we
conjecture (and later verify) that the PM redemption option is exercised by those
who were producers and idle agents in the previous AM market. Consumers in the
previous AMwill have depleted their ABM balances to a point that makes redemption
suboptimal.

Associated with the asset positions (m,m+) are the value functions W (m) and
V (m+), which must satisfy the following recursive relationship:

W (m) ≡ max
{
θU(c)− n+ βV (m+) : c = (φ2 + χd)m+ wn− φ2m+ − χτ

}
. (13)

Assuming that V is strictly concave (a condition that can be shown to hold in the
relevant range of parameters considered below), for a given redemption choice χ, the
following first-order conditions describe optimal behavior:

1 = wθU ′(c) (14)

φ2 = wβV ′(m+). (15)

By the envelope theorem:

W ′ (m) = (1/w) (φ2 + χd) . (16)

16Note that our dividend/fee structure implies a nonlinear mechanism and is therefore potentially
exploitable by a coalition of agents. The assumed lack of commitment, however, rules out the
formation of a cooperative coalition.

11



4.2 The AM market

A consumer who enters the AM with m units of money faces the following problem:

Vc(m) ≡ max
{
u(q) +W (m′) : m′ = m− φ−11 q ≥ 0

}
.

Let λ denote the Lagrange multiplier associated with the constraint m′ ≥ 0. Then
the optimality condition is given by

φ1u
′(q) = (1/w)(φ2 + χd) + λ, (17)

where, here, we use (16). If the constraint is slack, then λ = 0 and φ1m ≥ q.
Otherwise, the constraint binds so that φ1m = q. By the envelope theorem:

V ′c (m) = φ1u
′(q). (18)

A producer who enters the AM withm units of money faces the following problem:

Vp(m) ≡ max
{
−q +W (m′) : m′ = m+ φ−11 q

}
.

In equilibrium, the following must hold:

φ1 = (1/w) (φ2 + χd) , (19)

where, here, we use (16). Finally, for the idle agents who enter withm units of money,
Vi(m) = W (m). For them and for the producers, the envelope theorem yields

V ′p(m) = V ′i (m) = φ1, (20)

where we once again use (16).

5 Stationary ABM equilibrium

For a given mechanism, we focus on symmetric stationary equilibria. Such equilibria
meet the following requirements: (i) Households’decisions are optimal; (ii) the deci-
sions are symmetric across all sellers and symmetric across all buyers; (iii) markets
clear at every date, and (iv) all real quantities are constant across time. In particular,
the aggregate real value of outstanding ABM is constant: φ−2M

− = φ2M such that
φ−2 = µφ2.

We now gather the restrictions implied by individual behavior. We use (15),
(18), and (20) to form φ2 = wβ

{
σφ+1 u

′(q+) + σφ+1 + (1− 2σ)φ+1
}
. Backdating this

expression by one period and collecting terms, yields

φ−2 = w(k)βL(q)φ1, (21)
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where
L(q) ≡ σ [u′(q)− 1] + 1. (22)

The function L(q) is related below to the notion of a liquidity premium. Note that
L′(q) < 0 and L(q∗) = 1 (zero liquidity premium at the first-best allocation).

Multiply both sides of (19) and (21) by M and use φ−2 = µφ2 to derive

φ1M = [1/w(k)] (φ2M +D) (23)

µφ2M = w(k)βL(q)φ1M, (24)

where, recalling (10), D = dM . Use (9) to replace D in (23) and then solve (23) and
(24) for φ1M and φ2M to derive

φ1M =
1

w(k) [1− βL(q)]
{[r(k)− δ]K + T} (25)

φ2M =
βL(q)

µ [1− βL(q)]
{[r(k)− δ]K + T} . (26)

From condition (14), we have

w(k)θU ′ ([f(k)/k − δ]K) = 1, (27)

since c = [f(k)/k − δ]K.17

Next, from the consumer’s choice problem, the constraint φ1m ≥ q either binds or
is slack. If the value function V (m) is strictly concave, then quasilinear preferences
imply that all agents enter the AM with identical money holdings. If V (m) is linear,
then our assumption of symmetry implies (without loss) the same thing. Market
clearing implies m = M at every date, so that φ1m ≥ q implies

φ1M ≥ q∗ or φ1M = q < q∗. (28)

When the economy is away from the first-best allocation, the equilibrium dis-
tribution of money at the beginning of the PM is as follows: Consumers hold zero
money, idlers hold M units of money, and producers hold 2M units of money. This
distribution of money continues to be an equilibrium as we approach the first-best
allocation. Recall from the discussion surrounding (10) that we restrict attention to
incentive schemes that satisfy dM ≥ τ , so that producers strictly prefer to exercise
the redemption option, while idle agents weakly prefer to do so. In this case, using
(9) and (10), the redemption constraint dM ≥ τ can be written as follows:

[r(k)− δ]K + (µ− 1)φ2M ≥ στ. (29)

17The functional relationship c = [f(k)/k − δ]K can be derived from the ressource constraint
C = F (K,N) − δK: aggregate consumption C must be equal to PM output F (K,N) minus the
PM goods needed to maintain the steady-state capital stock. This equation can be written as
C = [f(k)/k − δ]K. From (14) all households consume the same quantity c, and since the measure
of households is 1, we obtain c = C.
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Finally, since agents lack commitment, the allocation must be sequentially ratio-
nal. This requirement is automatically satisfied for a passive (linear) mechanism.
There is a question as to whether the first-best allocation can be implemented with
a linear mechanism. In general, the answer is no (i.e., the implementation fails for
low θ economies). In this case, an active (nonlinear) mechanism is necessary and
sequential participation constraints need to be checked explicitly.

The key sequential participation constraint to check is that of a consumer who
enters the PM with zero ABM balances. This agent must work hard (sacrifice much
transferable utility) to accumulate ABM. On the equilibrium path, his payoff for
rebalancing his wealth in the PM is given by W (0). If the sacrifice of rebalancing
is too high, an individual would forgo the opportunity to do so and enter the next
AM market with zero ABM. The individual will still consume in the PM market, and
is free to work in the AM market. If he does work in the AM, he takes his ABM
and spends it in the PM. Along this path, the individual never consumes in the AM.
Let W̃ (0) denote the value of the alternate strategy.18 Then, sequential rationality
requires that

W (0) ≥ W̃ (0). (30)

There is a second sequential rationality constraint: The sellers in the AM market
must be willing to produce q for m units of money. It is straightforward to show that
in equilibrium this constraint is satisfied.

Definition 1 For a given mechanism (D,µ, τ) satisfying (9) and (10), a stationary
ABM equilibrium is characterized by a set of quantities and prices (q, k, φ1, φ2, w, r)
satisfying (7), (8), and (25) through (30).

6 Optimal mechanisms

We now study the properties of mechanisms that are consistent with a first-best im-
plementation (i.e., the implementation of the first-best allocation as a competitive
equilibrium). In what follows, we restrict attention to mechanisms that are pro-
grammed to start with a capital stock K = K∗(θ). For arbitrary mechanisms (in
our class of mechanism) with these properties, the level of economic activity in the
AM, q, may or may not be effi cient. The goal is to identify the additional properties
needed for first-best implementation.

18We provide a formal derivation of W̃ (0) in the Appendix as a part of the proof to Lemma 4.
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6.1 Passive mechanism

We first determine conditions under which a passive mechanism (µ = 1 and τ = 0) is
optimal. In this case, χ = 1 trivially for all agents, so the redemption condition (29)
can be ignored. From (9), this implies that the aggregate real dividend is equal to
capital income net of depreciation expense; that is, D = [f ′(k)− δ]K. It also implies
that ABM prices (φ1, φ2) are constant over time. The question here is whether the
constraint (28) is binding or not. To begin, we first assume that the constraint is
slack and then verify this will indeed be the case in a certain region of the parameter
space.

From (28), the debt constraint is slack if φ1M ≥ q∗. Under a passive mechanism
and a slack debt constraint, (25) and (26) reduce to

φ1M =
1

w(k) (1− β)
[r(k)− δ]K ≥ q∗ (31)

φ2M =
β

(1− β)
[r(k)− δ]K. (32)

Using (4) and (8), we have (1/β) = [r(k∗)− δ] /(1 − β). Combine this latter result
with (31) and (32), assuming that K = K∗(θ), to obtain:19

φ1M = K∗(θ)/ [w(k∗)β] ≥ q∗ (33)

φ2M = K∗(θ). (34)

Thus, under a passive mechanism that implements the first-best allocation, the value
of the outstanding stock of ABM is equal to the value of the capital stock (φ2M =
K∗(θ)); that is, the Tobin’s Q relation holds.20 Furthermore, if the debt constraint is
slack, from (28) we have φ1M ≥ q∗, which implies

K∗(θ) ≥ q∗w(k∗)β. (35)

Note that K∗(θ) is increasing in θ. In the Proposition below, we will use this
property to derive a critical value θ0.

Proposition 1 Under a passive mechanism, there exists a unique 0 < θ0 < ∞ that
satisfies K∗(θ0) = q∗w(k∗)β, such that the following is true:
For economies with θ ≥ θ0, the competitive monetary equilibrium is effi cient and
Tobin’s Q holds. That is, (33) and (34) hold.

19In the Appendix, we show that any mechanism such that K = K∗ (θ) implies k = k∗ (see
Lemma 5).
20Tobin’s Q states that the market value of a firm must be equal to its replacement cost. In the

context of our model, φ2M is the value of the firm, and K∗ (θ) is the replacement cost, since it costs
K∗ (θ) to acquire K∗ (θ) capital.
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For economies with 0 < θ < θ0, the competitive monetary equilibrium is ineffi cient,
and Tobin’s Q does not hold —the value of outstanding ABM exceeds the value of the
capital stock. That is,

φ1M = q < q∗ (36)

φ2M > K∗(θ). (37)

According to Proposition 1, if θ < θ0, the household’s preference for the PM-good
is low, and so the first-best capital stock is small. Consequently, the value of ABM
in the AM φ1M is too low for sellers to be willing to produce the first-best amount
of AM goods. Furthermore, the value of the outstanding stock of money in the PM,
φ2M , is larger than the value of the capital stock, K

∗(θ), and so Tobin’s Q does not
hold.

Proposition 1 is related to the nonmonetary equilibrium of Lagos and Rocheteau
(2008), where capital serves as a medium of exchange. They find that if the effi cient
capital stock is small, then the equilibrium capital stock is too high and consumption
in the AM is too small. Here, since the mechanism is endowed withK∗(θ), the capital
stock is effi cient, but the value of money that is backed by the capital stock is too
high in equilibrium, and consumption in the AM is too small.

To develop some further intuition for the ineffi ciency of the allocation when θ < θ0,
note that conditions (36) and (37) imply the following relations:

φ2
φ1

=
p1
p2
>
K∗(θ0)

q
>
K∗(θ0)

q∗
>
K∗(θ)

q∗
.

Thus for θ < θ0, AM goods are too expensive relative to PM goods (and relative to
the first-best). The reason is that a low θ means a low demand for PM consumption
and hence a low demand for the capital that would produce such consumption. But
aside from its use in production, capital (ABM) is also used as a medium of exchange
(for a constant supply of ABM, there is a one-for-one correspondence between capital
and a claim to capital in the form of ABM). Hence a low demand for capital also
implies a low real stock of ABM. The resulting shortage of ABM implies that not
enough AM consumption can be financed. To restore effi ciency, we want a mechanism
that somehow reduces φ2 and increases φ1.

6.2 Active mechanisms

Proposition 1 shows that first-best implementation under a passive mechanism is
not possible for low θ economies. We now investigate whether active mechanisms
can implement the first-best allocation in regions of the parameter space where a
passive mechanism fails; i.e., we now restrict attention to economies with θ < θ0.
The essential problem with ABM in this region of the parameter space is that its real
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rate of return is too low to motivate AM producers to supply the first-best level of
output. An active mechanism can potentially mitigate this problem by subsidizing
the ABM dividend (hence, the rate of return on ABM). There are two instruments
available to finance this subsidy: seigniorage and redemption fee revenue.

Case 1: µ > 1 and τ = 0. In what follows, we ask whether seigniorage helps to
implement the first-best allocation in the absence of redemption fees. Since τ = T =
0, we can write (25) and (26) as follows

φ1M =
1

w(k) [1− βL(q)]
[r(k)− δ]K (38)

φ2M =
βL(q)

µ [1− βL(q)]
[r(k)− δ]K. (39)

Under a slack debt constraint, q∗ ≤ φ1M , and for an effi cient capital stock, K =
K∗(θ), (38) and (39) reduce to

φ1M = K∗(θ)/ [w(k∗)β] ≥ q∗ (40)

φ2M = µ−1K∗(θ) (41)

Note that (40) and (41) are identical to (33) and (34) apart from the µ term in
(41). Since (33) and (40) are identical, they both define the same critical value
θ0 independently of µ. Consequently, seigniorage alone does not expand the set of
economies for which the mechanism can attain the first-best allocation. The intuition
for this result follows from a well-known proposition in monetary theory: namely, that
newly created money, injected as proportional transfers, is superneutral.21 From (40),
φ1M is independent of µ. Note that while φ2M is decreasing in µ, this does not affect
the PM allocation, because the ABM that agents have available in the PM is given
by φ2Mµ, which includes the newly printed money and which is by (41) a constant.

Case 2: τ > 0. We have just shown that using seigniorage alone to finance the
dividend cannot improve the allocation when τ = 0 and θ < θ0. The following
lemma characterizes the redemption-fee income necessary to implement the first-best
allocation.

Lemma 2 For economies with θ < θ0, the minimum fee income T [= (1 − σ)τ ]
required to implement the first-best allocation is

T ∗ (θ) = [K∗(θ0)−K∗ (θ)] (1− β) β−1. (42)

T ∗ (θ) is independent of the rate of ABM creation µ.

21Note that super-neutrality also holds when q = φ1M < q∗. This can be seen from (38) which
in this case determines q independent of µ for a given K.
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The minimum fee income T ∗ (θ) is decreasing in θ, since an increase in θ increases
the optimal capital stock, and a larger capital stock generates more capital income.
For θ ≥ θ0, no fee income is needed to implement the first-best allocation.

If agents could be forced to pay the minimum fee τ ∗ = T ∗(1 − σ)−1, this would
be the end of the story. But, of course, coercion is ruled out by our assumption that
all trade must be voluntary. Consequently, we need to find conditions under which
the fee income T ∗ can be collected from voluntary contributions. In particular, the
implied redemption fee τ ∗ needs to satisfy the redemption condition (29).

Lemma 2 also states that the minimum fee income is independent of inflation µ
(ABM dilution). This suggests that money creation continues to be super neutral.
However, we will see below that this is not true, because µ affects the redemption
constraint.

Lemma 3 Under T ∗ (θ), the redemption constraint (29) satisfies

(1− β) β−1K∗ (θ) + (µ− 1)µ−1K∗ (θ0) ≥ σ(1− σ)−1T ∗ (θ) . (43)

An increase in µ relaxes the redemption constraint (43).

Lemma 3 clearly shows that inflation (ABM dilution) relaxes the redemption
constraint. The intuition is that a higher inflation rate dilutes the real value of
existing ABM and therefore increases the opportunity cost of failing to collect the
dividend.

In the proof of Lemma 3, we also show that under the minimum fee income the
value of money in the PM satisfies φ2M = µ−1K∗ (θ0). The value of money is clearly
higher than the one under a passive policy, where it is φ2M = µ−1K∗ (θ) (see 41).
The reason is that the fee income is used to increase the dividend which induces
sellers to produce more in the AM.

Proposition 2 There exists a unique critical value 0 < θ1 < θ0, where θ1 solves
K∗ (θ1) = σK∗(θ0), such that the following is true:
If θ ≥ θ1, the first-best allocation can be implemented with µ = 1.
If θ < θ1, the first-best implementation requires that µ > 1.

The result that a strictly positive inflation can be necessary for optimality is, at
first glance, not entirely obvious. In a large class of monetary models, the Friedman
rule is an optimal policy. In models where inflation is desirable, there is usually
a redistributive motive at work (e.g., Levine, 1991; Berentsen, Camera, and Waller,
2005; or Molico, 2006), or inflation relaxes borrowing constraints (Berentsen, Camera,
and Waller, 2007). These motives are absent here. The rationale for the optimality of
inflation is that it relaxes the redemption constraint. A higher inflation rate dilutes
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the real value of existing ABM and therefore increases the opportunity cost of failing
to collect the dividend. Inflation therefore encourages redemption for any given fee
and hence permits a higher fee to be charged, which is then used to finance the
higher dividend. The higher dividend in turn increases the real rate of return on
ABM, incentivizing production.

The intuition for the key results of the paper can be summarized as follows.
There are two critical values: 0 < θ1 < θ0. For θ ≥ θ0, a passive mechanism
(µ = 1 and τ = 0) can implement the first-best allocation. The stock of capital is
large, and so capital earnings are suffi cient to pay a dividend that induces producers
to produce q∗. For θ1 ≤ θ < θ0, the effi cient capital stock is intermediate, and
capital earnings are insuffi cient to attain q∗. In this case, the mechanism charges
a fee (µ = 1 and τ > 0). The fee income that is necessary to induce producers to
produce q∗ is so small that the redemption constraint does not bind. For that reason,
there is no need for inflation (ABM dilution), and, in fact, we show that the ABM
is super neutral for θ1 ≤ θ. For θ < θ1, the economy is capital poor, and capital
earnings are small. In this case, the mechanism requires a large fee income in order
to induce producers to produce q∗. However, agents are not willing to pay this,
but are instead willing to use their ABM without exercising the redemption option.
To restore effi ciency, the mechanism must resort to inflation (ABM dilution); i.e.,
(µ > 1 and τ > 0). A strictly positive inflation dilutes the real value of the existing
ABMs in the PM and increases the opportunity cost of failing to collect the dividend.
A strictly positive inflation, therefore, encourages redemption for any given fee and
hence permits a higher fee to be charged, which is then used to finance the higher
dividend.

Minimum inflation rate. We end this section by deriving the range of µ for which
raising the minimum fee income T ∗ (θ) through voluntary contributions is incentive-
feasible. For this purpose, it is useful to define the following expressions:

Ω (µ) ≡ (1− σ)
[
β (1− β)−1 (µ− 1)µ−1 + 1

]
and Ψ (θ) ≡ K∗ (θ0)−K∗ (θ)

K∗ (θ0)
.

Proposition 3 The minimum fee income T ∗ (θ) can be raised through voluntary con-
tributions for any µ satisfying

Ω (µ) ≥ Ψ (θ) . (44)

Furthermore, there exists a minimum inflation rate µ∗ (θ) such that if µ ≥ µ∗ (θ),the
first-best allocation is implementable with a voluntary fee.

Proposition 3 states that the effi cient allocation can be attained with a voluntary
fee τ ∗ = (1− σ)−1 T ∗ (θ) if (44) holds. The term Ψ (θ) is decreasing in θ ≤ θ0 with
Ψ (θ0) = 0 and Ψ (0) = K∗ (θ0). This term reflects the scarcity of ABM. If the first-
best capital stock is low because θ is low, then Ψ (θ) is large. In this case, the fee
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income must be high, which makes it diffi cult to satisfy the redemption constraint.
Consequently, an increase in θ relaxes (44).

The term Ω (µ) is increasing in µ with Ω (β) = 0 and limµ→∞Ω (µ) = (1 −
σ)
[
β (1− β)−1 + 1

]
. Since Ω (µ) is increasing in µ, inflation (ABM dilution) relaxes

this constraint. Since Ω (µ) is increasing in µ and since β > σ (this is shown in
the proof), there exists a critical value µ∗ such that Ω (µ∗) = Ψ (θ). µ∗ (θ) is the
minimum inflation rate such that the first-best allocation is implementable with a
voluntary fee. That is, for any if µ ≥ µ∗ (θ) the first-best allocation is implementable
with a voluntary fee.

Note that µ∗ (θ) can be greater or less than 1. If it is less than one, the first-best
allocation can be implemented with a deflation. This is possible if preferences and
technology are such that the economy approximates the first-best allocation under a
passive mechanism, such that the difference K∗(θ0)−K∗ (θ) is small. In this case, the
fee income required to attain the first-best q∗ is small —the dividend being suffi ciently
high to induce voluntary redemptions for a small enough fee. Having said this, note
that higher inflation rates are also consistent with the first-best implementation so
that deflation, while possible, is not necessary.

7 Conclusion

When commitment and record-keeping are limited, media of exchange are necessary
to facilitate trade. Exactly what form these exchange media should take and how their
supply should be managed over time remain open questions. In theory, a properly
managed supply of fiat money may be suffi cient, but as shown in this paper, fiat
money is generally not necessary. The concept of monetary policy should be extended
to include the management of intermediated exchange media such as asset-backed
money. Our model does not address the question of whether the responsibility for
the money supply should reside in the public or private sector. Because our results do
not involve lump-sum taxation, our paper suggests that private intermediaries, like
the central banks of ancient times, could, in principle, be left to manage the money
supply.

We also show that with asset-backed money, optimal monetary policy can be very
different from the type usually obtained with fiat money. With fiat money and lump-
sum taxation, the Friedman rule is typically optimal. In contrast, with ABM and in
the absence of lump-sum taxation, we find that for capital-poor economies, achieving
the first-best allocation may sometimes require a strictly positive inflation rate. In
general, the minimum inflation necessary to implement the first-best allocation is
above the Friedman rule and varies with capital wealth.
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8 Appendix

Proof of Proposition 1. Consider inequality (35). The existence of a unique
value θ0 such that K∗(θ0) = q∗w(k∗)β follows from the fact that K∗(θ) is strictly
increasing in θ and that (q∗, k∗) are independent of θ (see Lemma 1). Combining (33)
and K∗(θ0) = q∗w(k∗)β yields

φ1M

q∗
=

K∗(θ)

K∗(θ0)
.

From (28), if the debt constraint is binding, q = φ1M . For θ < θ0, Lemma
1 implies that K∗(θ) < K∗(θ0), and so q = φ1M < q∗. Furthermore, if the debt
constraint binds, Tobin’s Q does not hold. To see this, rewrite (26) as follows:

φ2M

K [r(k)− δ] =
βL(q)

1− βL(q)
.

Since q < q∗, we have L(q) > 1 (a positive liquidity premium) so that

φ2M

K [r(k)− δ] =
βL(q)

1− βL(q)
>

β

1− β .

Use (4) and (8) to replace β (1− β)−1 to obtain

φ2M

K
>

r(k)− δ
r(k∗)− δ .

If the capital stock is effi cient; that is, if K = K∗(θ), then from Lemma 5, k = k∗ (see
Lemma 5). Accordingly, we have φ2M > K∗(θ). Thus, if the economy is characterized
by an effi cient but small capital stock, the value of the outstanding ABM exceeds the
value of the capital stock. In particular, Tobin’s Q does not hold.

Proof of Lemma 2. To derive T ∗ (θ), set q = q∗ = φ1M , K = K∗ (θ), and k = k∗

in equation (25) to obtain

q∗ =
1

w(k∗) (1− β)
{[r(k∗)− δ]K∗ (θ) + T} .

Use (4) and (8) to replace r(k∗)− δ = β (1− β)−1 to obtain

q∗ =
K∗ (θ)

w(k∗)β
+

T

w(k∗) (1− β)
.

Use K∗(θ0) = q∗w(k∗)β to replace w(k∗) and solve for T to obtain (42). Finally, since
K∗ (θ) and K∗ (θ0) are independent of µ, T ∗ (θ) is independent of µ.
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Proof of Lemma 3. To derive the value of money in the PM under an active
policy, set K = K∗ (θ0), q = q∗, and T = T ∗ (θ) in (26) to obtain

φ2M = µ−1K∗ (θ0) (45)

To derive (43), use (4) and (45) to rewrite the redemption constraint (29). Since
K∗ (θ), K∗ (θ0), and T ∗ (θ) are independent of µ, an increase in ABM creation µ
clearly relaxes the redemption constraint.

Proof of Proposition 2. In (43), set µ = 1 to obtain (1− β)K∗ (θ) /β ≥ σ(1 −
σ)−1T ∗ (θ). Use (42) to substitute T ∗ (θ) and simplify to obtain K∗ (θ) ≥ σK∗(θ0).
Since K∗ (θ) is strictly increasing in θ, there exists an unique critical value θ1 such
that K∗ (θ1) = σK∗(θ0). Thus, if θ ≥ θ1, the first-best allocation can be implemented
with µ = 1.
To prove that for θ < θ1, first-best implementation requires µ > 1, use (42) to write
(43) as follows:

(1− β) β−1K∗ (θ) + (µ− 1)µ−1K∗ (θ0) ≥ σ(1− σ)−1 [K∗(θ0)−K∗ (θ)] (1− β) β−1.

Rearrange this expression to obtain

(1− σ)β (1− β)−1 (µ− 1)µ−1K∗ (θ0) ≥ σK∗(θ0)−K∗ (θ) . (46)

For θ < θ1, we have σK∗(θ0) − K∗ (θ) > 0, which implies that the redemption
constraint (46) requires µ > 1.

Proof of Lemma 3. In the text, we discuss the properties of the functions
Ω (µ) and Ψ (θ). Existence of of a unique value µ such that Ω (µ) = Ψ (θ) requires
that Ω (µ) > Ψ (θ) for some µ. Here, we show that a suffi cient condition is β > σ (as
assumed throughout the paper). To see this, set θ = 0 to obtain Ψ (0) = 1. In this
case, Ω (µ) > Ψ (θ) = 1 reduces to

(1− σ)
[
β (1− β)−1 (µ− 1)µ−1 + 1

]
> 1.

This inequality can be written as follows:

µ

(
1− σ

1− σ
1− β
β

)
> 1.

This shows two things. First, for θ = 0 (this is the fiat money case), we need money
creation µ > 1. Second, we also need β > σ.

Finally, we need to show that the equilibrium also satisfies the sequential ratio-
nality constraint (30). Further below, we show (see Lemma 4) that for an active
mechanism a suffi cient condition for (30) to hold is

u (q∗)

q∗
≥ 1− σ

σ
,
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in order to implement the first-best allocation. This condition requires that the gains
from trading are suffi ciently large. Either, given the trading probability σ, the match
surplus u (q∗)−q∗ has to be suffi ciently large, or, given the match surplus, the trading
probability has to be suffi ciently large.

Lemma 4 (Sequential rationality) Under an active policy, in order to implement
the first-best allocation, a suffi cient condition for sequential rationality (30) is

u (q∗)

q∗
≥ 1− σ

σ
. (47)

Proof of Lemma 4. In order to derive a suffi cient condition for voluntary par-
ticipation in the AM, we need to calculate the equilibrium payoff for an agent who
holds zero ABM at the beginning of the PM and compare his expected lifetime utility
with the lifetime utility of a deviator who enters the AM with zero ABM. Since the
one-time deviation principle holds, we can focus on a strategy that deviates for one
period after which it reverts to the equilibrium strategy.

The equilibrium payoff for an agent who enters the PM with zero ABM is

W (0) = θU(c∗)−
[
c∗ + φ2m

+
]
/w (k∗) + βV (m+),

where V (m+) is calculated as follows. In the AM, with probability σ the agent
produces, with probability σ he consumes, and, with probability (1− 2σ) he is idle.
Accordingly, on the equilibrium path, the value function satisfies

V (m+) = σ
[
−q∗ +W (2m+)

]
+ σ [u (q∗) +W (0)] + (1− 2σ)W (m+).

The payoff for a one-time deviation is calculated as follows. A deviator chooses
m+ = 0 and c = c∗, so we have

W̃ (0) = θU(c∗)− c∗/w (k∗) + βṼ (0).

Ṽ (0) is calculated as follows. In the AM, with probability σ the deviator produces,
and with probability (1− σ) he is idle. Accordingly, the value function of a deviator
satisfies

Ṽ (0) = σ
[
−q∗ +W (m+)

]
+ (1− σ)W (0).

Sequential rationality requires that W (0) ≥ W̃ (0); that is,

−φ2m+/w (k∗) + βV (m+) ≥ βṼ (0).

Substituting βV (m+) and βṼ (0) yields

−φ2m+/w (k∗) + β
{
σ
[
−q∗ +W (2m+)

]
+ σ [u (q∗) +W (0)] + (1− 2σ)W (m+)

}
≥ β

{
σ
[
−q∗ +W (m+)

]
+ (1− σ)W (0)

}
.
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Simplifying yields

−φ2m+/w (k∗) + β
{
σW (2m+) + σ [u (q∗) +W (0)] + (1− 2σ)W (m+)

}
≥ β

{
σW (m+) + (1− σ)W (0)

}
.

From (13), on the equilibrium path, we have

W (m) = W (0) + [(φ2 + χd)m− χτ ] /w (k∗) ,

where W (0) = θU(c∗)− [c∗ + φ2m
+] /w (k∗) +βV (m+). Thus, we have the following:

W (m+) = W (0) +
[
m+

(
φ+2 + d+

)
− τ
]
/w (k∗)

W (2m+) = W (0) +
[
2m+

(
φ+2 + d+

)
− τ
]
/w (k∗) .

Use these expressions to write the inequality as follows:

−φ2m+ + β
{
σ
[
2m+

(
φ+2 + d+

)
− τ
]

+ σu (q∗)w (k∗) + (1− 2σ)
[
m+

(
φ+2 + d+

)
− τ
]}

≥ β
{
σ
[
m+

(
φ+2 + d+

)
− τ
]}
.

Simplifying yields

−φ2m++β
{
σu (q∗)w (k∗) +m+

(
φ+2 + d+

)
− τ + στ

}
≥ β

{
σ
[
m+

(
φ+2 + d+

)
− τ
]}
.

Simplifying yields

−φ2m+ + β
{
σu (q∗)w (k∗) + (1− σ)m+

(
φ+2 + d+

)
− (1− 2σ) τ

}
≥ 0.

Note that increasing the fee τ makes it harder to fulfill this condition, since σ < 1/2.
To obtain a suffi cient condition, we therefore set τ = m+d+, since in any equilibrium,
m+d+ ≥ τ . For τ = m+d+, we obtain

−µφ+2m+ + β
{
σu (q∗)w (k∗) + (1− σ)m+φ+2 + σm+d+

}
≥ 0,

since φ2 = µφ+2 . We can use (19); that is, φ1 = (1/w) (φ2 + d) to replace d to obtain

−µφ+2m+ + β
{
σu (q∗)w (k∗) + (1− σ)m+φ+2 + σ

[
φ+1m

+w (k∗)−m+φ+2
]}
≥ 0.

Since µφ2m = βq∗w (k∗) and φ+1m
+ = q∗, we can simplify this expression as follows:

σ
u (q∗)

q∗
+ (1− 2σ) β/µ ≥ 1− σ.

For µ = β, this inequality is always satisfied. It is most diffi cult to satisfy as µ
approaches infinity. In this case, we are left with

u (q∗)

q∗
≥ 1− σ

σ
.
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Lemma 5 Consider a mechanism that targets K = K∗(θ). For such a mechanism,
k = k∗.

Proof of Lemma 5. We want to show that if K = K∗ (θ), then N = N∗, implying
that k = k∗. On the equilibrium path, the aggregate labor supply is

N = σn(0) + σn (2M) + (1− 2σ)n(M),

where n(m) is the labor supply of an agent that holdsm units of money when entering
the PM. From (13), on the equilibrium path, individual labor supply satisfies

n =
[
c∗ − (φ2 + χd)m+ φ2m

+ + χτ
]
/w (k) ,

implying that

n (0) = [c∗ + φ2µM ] /w (k)

n (M) = [c∗ − (φ2 + d)M + φ2µM + τ ] /w (k)

n (2M) = [c∗ − (φ2 + d)2M + φ2µM + τ ] /w (k) .

Using the expressions, we can write the aggregate labor supply as follows:

w (k)N = σ [c∗ + φ2µM ] + σ [c∗ − (φ2 + d)2M + φ2µM + τ ]

+ (1− 2σ) [c∗ − (φ2 + d)M + φ2µM + τ ] .

Simplifying yields

w (k)N = c∗ + (1− σ) τ − dM + (µ− 1)φ2M.

Using the budget constraint of the mechanismD = dM = [r (k)− δ]K∗+(µ− 1)φ2M+
τ (1− σ), we obtain

w (K∗/N)N = c∗ − [r (K∗/N)− δ]K∗.

From (8), we have r(k) = f ′(k), and so

w (K∗/N)N + f ′ (K∗/N)K∗ = c∗ + δK∗.

The left-hand side is aggregate output and the right-hand side is aggregate demand.
Since aggregate demand is at the effi cient level, we must have N = N∗ and, thus,
k = k∗.
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