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In this appendix, we provide a complete set of formal proofs of the Propositions of the paper
“The Dynamics of Government” (Journal of Monetary Economics, October 2005) — excluding
Proposition 1 which is proved in the text —. For each Proposition, we provide an unabridged
restatement before the respective proof. The numbering of equations follow that of the paper.

Proposition 2 For a =1 and any w € [0, 1], the political equilibrium is characterized as follows:

n B 5 up —u")  if up > u”
B (w) = { 0 else
U (by) = u” b
( t) + 9 _ ,3 ty
where
g
P=1vpz
and Z € [0,1/2] is the real solution to
Z(1+wpz?) =12%
2 Y

and is decreasing in w and (. Given any ug > u”, the equilibrium law of motion is
Ut+1 = u" + Z(Ut — ’LLn) .
The economy converges monotonically to a unique steady state with b = b" = 0 and u = u™. For

ug < u”, up = u” Vt > 0. Finally, p is decreasing in w and B; if w = 1, then, p = 0, implying
immediate convergence to the steady state.
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Proof. When R = 0, and for w € [0, 1], the political objective function can be written as

V o= p(l—w)w+ pubiw + (1 — p) bw
w (1 —p) (b + Bbiy1) w
Fwper (1+ B) w + wp (1 — er) (b + Bbegr) w
—wp(er)’
— (14 w) 7 — whTesa.

Here, it is convenient to guess that by = g (u¢ — u™) for a coefficient ay yet to be determined. We
first solve for U (b;) to obtain

w
by) = b
U (br) = u +2—ﬁa1w b
delivering B (U (b)) = 2_1%0&11101716- Defining Z = 2_0%’11”, this implies by = Zb; and byo = Z2b;
and
w
@ = (48— (1+52)b)%
_ _HE( _ w
o= (1 5 (1 u + (1+ B — (14 BZ)by) 2))btw
w
i = (1-E2@+8) -1+ 2(1+ 8+ 52) b)) Zbw.
We now note that
dbt+1 dbt+2 ) det w
db; " dby " dby (1+5 )2
dry w(l+8) w
oo = (2—p(lmw—wQ+ L) b+ ——— ) ) 2
- 0< u< u—w (1 +82) b+ U .
dreyr I 1
b = T1:§/Lw Z(l—l—Z)(l+ﬁZ)bt+wZ—uw§w(1+B)Z.
¢

The first-order condition for maximizing the political objective is then
0 = e + (14w (1 + B2)) (1 = p)w +wpn (1 — ) (1 4+ BZ)w — (1 +w) Ty — BTy
yielding

_ 1 1-w n
= wITZ@rwizasrpz) M)

by

verifying the guess, provided

_l 1—w
S wl+Z(B+wBZ(1+82))

a1

From the definition of Z we obtain aq = % Thus,

27z 1 1w 3)
1+8Z)w  wl+Z(B+wBZ(1+B2))

which can be rewritten 1
(wB2*+1) 2 = ——.



The left-hand side is monotonically increasing from zero as Z increases from zero. Furthermore,
an increase in w increases the left-hand side while it reduces the right-hand side. The solution
in terms of Z therefore falls. Similarly, an increase in § increases the left-hand side, provided
w > 0, implying that that solution in terms of Z falls, unless it is zero. Since a; is monotonically
increasing in Z, we have established that oy is decreasing in w and . From this it also follows that
the constraint B (u) € [0, 1] is satisfied for any v > u™ and we set B (u) = 0 for u < u", which, as
in the previous proof, neither affects the objective function nor U(b;). =

Proposition 3 Assume w = 0 and risk aversion (“a”). Then if R € [0, Rmax|, where Ryax > 1 is
defined below, the political equilibrium is characterized as follows:

b+ L (up —u) if up > u® — Lb*
B0 — p
(ur) { 0 otherwise
w
U (p — ao b, — h2°
(be) u +2_Bp(t ),
where
2z
P = 115z
11-R 11
J = —— I
21+R€[ 2’2]
g _ 4R 1+ 7
~ 143R2+p’
= 1= (148)(1-b"),

and Rmax 1s defined as the R such that B (0) = 1. If R > 0, then b* > 0 and by >0V t >0
(redistribution is positive after at most one period). Furthermore, b®° and u® increase in R. For
t > 0, the equilibrium law of motion is

U1 = u’ + Z (ug — u®).

Given ug, the economy converges to a unique steady state with b = b and v = u® following an
oscillating (monotone) path if R > (<) 1. If R =1, convergence is immediate.

Proof. As above, guess B (u;) = ag + ajug. Then

2—(1+B(1—a0))w+b ow
2 — Bajw "9 — Baqw’

Using this in the first-order condition for maximizing (5) over b; and solving for b; yields

_Q2-awp)R 1 1+4B(l—a)  1(1-R)(2-parw)

B (U (b)) = g+ (24)

T w(l+R  w 2 2 1+R)w b
which is linear, as conjectured. We thus need to set
2—w(l
o w(l+5)

w2(1+R)+3(1—-R))

+Rw< B)+2)w+8-2(2-7)
2(1+R) +B(1—-R)w(2+48)
2(1—R)

w2+B+R(2-0)

P
a7 —
w
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Noting that B (U (b;)) and U (B (u)) have a fixed point, respectively, at
4(1+58)

baO
(2+8)(1+3R)’
ue = 1—%(1+,B)(1—b“°)
we can write
B (ut) = QO + Q1Ut

pao ﬁ (Ut . uao)'
w
Next we need to prove that ARy, > 1 such that if R < Rpax then the constraint b < 1 is never bind-
ing in equilibrium. Also, we show that Rpyax is such that B (0; Rmax) = 1. First, since B (u) is linear,
its maximum is attained at either u = 0 or u = 1. Hence, if 1 > ¢ (R) = max{B (0; R), B (1; R)},

the constraint does not bind. Second, standard algebra establishes that ¢’ (R) > 0 since % >0

and MB@}%;_R) > 0. Hence, ¢ (.) is a one-to-one mapping and admits use of the inverse function ¢~ (),
and there must exist a unique Rpyax such that ¢ (Rmax) = 1. Third, Rpyax is larger than one, since
p(1) = % < 1. Fourth, we know that, when R > 1, B(0; R) > B (1; R). Thus, Rmax must be
such that ¢ (Rmax) = B (0; Rmax) = 1.

To prove that benefits are strictly positive after at most one period, observe that, in equilibrium,
the law of motion by = B (U (b)), conditioned on w41 > u® — %b‘w , can be written

11-R
_ jpao0 , — - -t _ pao
brer = VAR (00— 0)
wll+3R 11-R

= VST R T2T R

by.

Clearly, whenever %i—g > 0, by > 0 implies by+1 > 0, since b*° > 0, implying that w41 > u“o—%bao.

Consider the other case, i.e., consider %% < 0. Then, since b; < 1, we have

11+3R 11-R
> ao_ _
b 2 VST T3 T R
1 R(2+38) L1
22+8(1+R)  2(1+R)

> 0.

Whenever b; > 0, then b, > 0 for any £ > 0. Since we assume that ug is arbitrary, we cannot rule
out that the constraint that by > 0 binds. m

Proposition 4 Assume 0 < R < Ryax and w € [0,1]. The political equilibrium is then character-
ized as follows:

b + & (up — u) if ug > u® — 50"

B = {

otherwise
a _ a w _1a
Ut(be) = u +2—ﬁp(bt "),
where
2z
P=11pz



and Z is a constant with the following properties: (i) Z € (—4/7,1/2], (i) dZ/dw < 0, (iii)
Z > (<)0iff R < (>) 152; and (iv) if Z >0, dZ/dR < 0.
For t > 0, the equilibrium law of motion is

U1 = u' + Z (ug — u®),

where u® and b* are functions of Z defined in the appendix. Given any ug, the economy converges
1—w 1—w

to a unique steady state following an oscillating (monotone) path if R > (<) - IR =122,

convergence is immediate to a steady state where b= R(1+w)*/[2+8)/(1+8)+w (1l —w)] >
0.

Proof. The constant Z is here defined as the unique real solution to the cubic equation

Z((1+wBZ?) +R(1+w(1+BZ(1+ 2)))) :HT” G;—Z_R)’

as the following argument shows. With w > 0, the political objective function can be written as:

Vo= p(1—u)w+ pubyw + (1 — p) byw + Rbyw
+w (1 — p) (b + Bbig1) w + wRbyw
+wper (1 + B)w +wp (1 —et) (b + Bbry1) w
—wp(er)”
—(1+w)(1+R)1t—w(l+ R)BTes1-

The usual guess, by = ag + ajuy, substituted into equilibrium condition 2 yields (24), which we

write b1 = X + Zby, where ag + ale_ﬁﬁ(#o))w = X and 2_"‘510”‘;]11” = Z, which implies by12 =

X (1 + Z) + Z?b;. Furthermore, we note that

% . Z,%—Z%Z—Z——(HM)%
Z—Z = w(l—,u)+%w,uut (25)
+%wu<1+w(1+52)bt—w(1+52(1_X))>
d;tbjl = %,uwQZ(1+Z)(1+BZ)bt+wZ(1—;A)
faw (150 (+8)) 2+ (L4 22+ 5 3+ 22) .

The first-order condition for maximizing b; can then be written

0 = puyw+(1+w)1+R—p)w+w(l—p)BZw

+wu(1—et)(1+BZ)w—(1+w)(1+R)Z—Z—w(1+R)B

dTii1
db;
implying
by = aus + ao,



where

B 1 (1 +w) (1+g - R> 26
a = wl+Z(B+wBZ(A+B2))+R(1+w+BZ(1+w2+Z(1+8(1+2)))) (26)

ag = apX + apr,

B 1+wZ2480+422)+(1+w(2+Z(2+8(3+22))R
W= YT Z(B1wBZ(1+B2)+RI+w+BZ(1l+w2+Z(1+B(1+2))))
A 1 (4ZPw—(14+w)p2—w(l+8)p(l+w+2Zpw))R

2up(1+ZB+wBZ(+BZ)+R1+w+BZ(1+w2+Z(1+5(1+2))))))
(1B (—w (14 B)) +2B)22) w — (1 +w) (uw (1 + B) + 2p)) R
p(l+Z(B+wbZ(1+62)+R1+w+BZ(1+w(2+Z(1+8(1+2))))))
1 p(l=w)2—w(l+p))
2wp(I+Z(B+wBZ(1+62)+R(AI+w+BZ(1+w2+Z(1+5(1+2))))))

Rewriting the expression for a; using the definition of Z yields

QU (Z; Ryw,B) =22 (1+wBZY) + R+ w(1+BZ(1+ 2)))) = (1 +w) (% —R) . (27

which generalizes (23). Note that Q* (0) =0, andde#l > (. To establish monotonicity, note that

the solutions to &;ZZ—) = 0 are given by

_ﬁ (—Riﬁ\/—i’wﬂ <1+R<(2+w)+ <1+w<1—§>>R>>>,

which has no real solution in the relevant parameter range. Furthermore, Q% (1/2)—(1 + w) (% - R) >

T
0 with equality only if w = R = 0. Finally, for Z = <—% v/ 44 + 121/69 + ﬁ/@ — %) ~
—0.56984, Q*(Z) — (1 + w) (1+_w - R) < 0VR >0 and w,B € [0,1], and we can therefore con-
Clude that

JifR < };’, then Z € (0,1/2];

JifR > 1jrg, then Z € (—0.6,0); and

3. if R= =, then Z = 0.

To see that Z > Z, we note that

@2 -0+ (152 R)
= 2Z+DHR(1-wh)+w(1—p)+2Z(1+wBZ?) —1(1-w) <0

AQZiR)- (ld;w)(”“’ —R) _ l4+w+2Z(1+w(l+5Z(1+ Z))). This expression is

We note that
d(1+‘”)(}+5 R)

positive if Z > 0. Thus, if Z > 0, dZ/dR < 0. Furthermore, % > 0 while o

falls, implying that the equilibrium value of Z falls in w. Again, this follows from the fact that
dQ(Z'w) = 0 has no real solutions in the relevant range of parameters. Finally, using the definition
of X and Z = mw, we have

2-(1+8(0-a))w

X:Oé0+()[1 2—50{11{}




so that
Xw—Z2—-w(l+p))

w(l+pZ)
From (26) we also have ap = apoX + a1, implying

Z©2-w(l+pB)+w (e + anBZ)
w (1 — o — 0B2)

g =

X:

and

X
a _

= 1-27’

u = 1—e(b®b%).

The expression for b is, in general, a complicated function of Z. It simplifies considerably when

R= ijr—z (implying Z = 0). Then

R(1+w)?

2 .

b =

Proposition 5 Assume X\ < (3 (altruism, “al”) and 0 < R < Rpax. The political equilibrium with
altruistic voting is characterized as follows:

Balo (Ut) _ { balo 4 _5 (Ut _ ualo) ’if Uy > Ealo _ %balo

0 otherwise

alo _ alo w __palo
U (b) = u +2_ﬁp(bt o),
where
27
1+ 572
and Z is a constant (details in the proof) with the following properties: (i) Z € [-1/(24+ \),1/2],
(i) dZ/dR < 0, (iii) dZ/dX < 0, and (iv) Z >0 iff R > (B — \) /(B + \).
For t > 0, the equilibrium law of motion is

p:

Upyq = ualo +Z (Ut _ Ealo) ]
Given any ug, the economy converges to a unique steady state such that b = b*° < b% gnd u =

ue <y following an oscillating (monotone) path if R > (< ) ﬂ+/\ IfR=0,Z7Z= (1 — —) >0

and b*° =0. If R = %, convergence is immediate to a steady state with 6(21;/36)—/\ (B—X)>0.

Proof. The weighted average felicity F' (uy, by, byy1) is
F(ug, b, ber1) = B (1 —up)w+ pugbyw)
+(B+A) ((1 = p) bew + Rbyw)
+A (ue (bt, bt+1) w + 1% (]. — € (bt, bt+1)) btw — e (bt, bt+1)2)
—(A+8) (L + R) 7 (ug, b, bet1) -



The usual guess, by = ap + ajug, together with the equation for optimal effort choice yields

biy1 = X + Zbg, implying b¥° = % and u®° =1 —e (%,%) where, as above, X =

o + o 2200 g 7 = oaw which implies upsy = 1—(1+ 8 (1—X) — (1+82)b) %.
The problem admits a recursive formulation of the following type:

Wi(u) = max {F (ug,by,biy1) + AW (1)}, (28)
b:€[0,0)]
s.t. bt+1 = X+th,
Uy = 1—(1+ﬁ(1—X)—(1+ﬁZ)bt)%.

Given the guess, the first-order condition for maximizing the right-hand side of the Bellman equation
is

oF OF / w_
a_bt + abt+tZ + AW (ut_;,_l) (1 + 6Z) 5 = O,
where
OF
S = B+ (B0 (1= ) w+ Ru) + A (u(1 - e w)
or Oey
—(>\+ﬁ)(1+R)a—bt +)\u(w—btw—2et)a—bt,
or or Oey
s A+B8)(1+R) vy + A (w — why — 2e4) Doy’
We also know that
Oy _ _w o O _ g
oby 27 Obiy 2’
or n w w w?
s (1_5 (1—ut+(1+ﬂ)§—(bt+B(X+th))5>>w+uth
67— . ]. 2
Dbrer 7w

8T(ut,bt,bt+1
8ut

Using the envelope condition and the fact that = % pbyw, we obtain

W'(u) = B(=pw+pbw) = (A+5) (1+R) %ﬁt;bm)

P
_ (—B A A R) by — By,

implying that we can write the first-order condition as

Bpue +(B+A) (1= p+R)+ (1 —e))w
0

—()\+5)(1+R)a—;;—)\;L(w—btw—Qet)%

B
~Z(A+B)(1+R) ab;

+A <<% — )\Lf}%) pwby — Buw) (1+ BZ)%
= 0.

— ZAp (w — why — 2ey) B%



Collecting terms and using e; = (14+ (1 = X) — (1 +82)b;) ¥ yields

0 = 1uw2(1+25) (%A(ﬁ—A)—ﬁ(H—AZ)—R(ﬁ%—)\) <1+%>\>)bt

2
pw 8—A
+ (A+5) <—A+B —R> w + C, (29)

where

o - <1+%(1+5(1—X))w)u%(5+>\)R—(B—A(l—w))u%

—%Aﬁufuﬂ (1+ Z(1+B) + (Z)\ﬁ + M) %

5 (1+8(1 - X))w?

The guess by = ap + aqu; and the first-order condition (29) can be used to solve, by equating

coeflicients, for ap and a;. Next, using the definition Z = 270‘501[”11” implies that Z must satisfy

Q‘”O(Z;R)EZ<6(1+)\Z)—XB;>\—|—Rﬁ;—)\(2+/\)> :ALQB (%—R) (30)

and that Z belongs to the unit interval. We then obtain equilibrium Z as the unique stable solution

to the quadratic equation Q%° (Z; R) — # (fT_g — R) = 0. This is given by

- (B—AB%A+R5—§A(2+)\)>
Y

v“B—A%i+R%%Q+AU2+4w%¥(%%_R>
NG :

The solution is always real, since the discriminant increases in R and equals % ANB—=N)+ 26)2 >0
when R = 0.1 To see that the other root is smaller than —1, we note that when R = 0 it is given by
—% < —1 and that it decreases in R. Straightforward algebra then shows that for any R > 0, there

is a solution to (30) in { L 1} , which decreases in R and A, and that Z < (>)0if R > (<) &2

—550 3 AB-
Finally, from the definition of aig and a3 we have ag = Xw*f((f;g”z(ﬁﬁ ), Using this in the solution

for the constant in (29), we obtain

(Xw— 72w (1 +5)) g (%A(B—A)—ﬁ(lJr/\Z)—R(ﬁJr)\) <1+%)\>> __¢

!The discriminant is

B—XA _B+A ? A+B (B=A

with a derivative

SN (A +5) (404X +X) R+45(1- )+ X (2= (5- V).



from which we find

—(@+(0+5)

w)(B+A)) R

X =

w(2+A+8)(B+AN)R+N+3(2+48)+2ZA8(1+B))

A
+3)+

122 (B4 N R)22 - w(1+8)A8Z

(741 (%
_|_

w((2+A+8)(B+AR

+ A+ B(248)+2ZA8(1+ B))

(=A@ -w(l+p)

w(2+A+B)(B+ANR+N+B(2+8)+2Z\8(1+p))

To see the derivations of the claims on Z in more detail, we note

QU (0R) =
dQ"° (Z; R)
dz
alo 1, _>‘+B B >\_ _
o (38)-57 () -

>

0,

R?@—H\)—%A(B—AH—B(H—Q)\Z),
1 1 1

(B+N) (1+1/\)R+§)\<1+§/\>

0,

with equality only if A = R = 0. Therefore, when R = %, it must be that Z = 0 and that

palo = X = mi;ﬁfb (8 —A). In addition,
implies Z € (0, %] . Furthermore, since both

d (@ (z:R) - 252 (42 - R))

d\
a(Qe (z:R) - 242 (44 -

and

dQ“'°(Z;R)
az

:/\+2ﬂz+%( 6)+R<

. -\ —A
>0if Z>0and §75 > R. Thus, 55 > R

EATPWE. ,B)

dR

R
)>—(B+)\)%(1+Z(2+)\))

are larger than Zero when Z > 0, the equilibrium value of Z is decreasing in A and R. Next, con51der

the case when & pw B < R. Clearly, now equilibrium Z is negative. Furthermore, for any Z > —

a(Q (z:R) - 42 (45 -

?)

pBEA

T

240 - A B A + A1+ 202)

dz 2
> fT;ﬁ%(Q+A)—%>\(5—)\)+B(1+2AZ)
= 28(1+ZX\)—A>0,
and since
alo 1 . )‘+ﬁ
(@ (-r30) -2 (355 7))
1
= ~(mr+30-9) (1-5735) <o
equilibrium Z > —5 + 51~ Finally,
d Q“lO(Z;R)——‘Q =2 _ p
( — (55 - ) - A+zﬁz+1( B)+R< +>\+;B>
B-x /(3 1
> </\ 25m+ (1 ﬁ)+m<§+>\+§ﬁ>>>0

10



and
a(Q (z;7) - 22 (55

M8
dR
implying that equilibrium Z is decreasing in R and in \. =

R
)) :(5+)\)%(1+Z(2+)\))7

Proposition 6 The optimal solution to the planner program (15) in the case X = f3 is
by = b — (by—1 — bP),Vt > 1,
and L
— U
n= (17 5g)
R
14+2R

where

Proof. We first state the value function, V' (b;), which below will be shown to be the unique
solution to (18) when A\ = 3,

2

V(bt):%(AoJrAlbﬁAzbf), (31)
where
Ay = —B(1-B+2R),
A= WER-Y),
O (e R vy
G = Zua+ns6-5).

4

When A = f3, the current felicity Y in the recursive formulation (18) simplifies to

Vit = (M5) - 28eRA+H -5

“BL+2(1+B) R — 267 (1 + 2R) bibrs
+283b41 — /83bt2+1} + Q.
Note that the right-hand side in the Bellman equation is concave in b1 since the coefficient on

ngrl: ggven by —f3? (14 2R), is negative. The solution to W‘lﬂ {Y (b, be1) + BV (be1)} = 0 is
given by

biy1 =

so the condition b1 < 1 will never bind. The first-order condition 0 > W‘lﬂ {Y (bt big1) + BV (big1)}
is therefore sufficient for optimality and its solution is given by

bir1 = f (b)) = max {0,b" — (b — b")},

11



where b* = R/ (1 + 2R).2 Tt is now straightforward to verify that V (b) = Y (b, f (b)) + BV (f (b)).
This proves that V' is a fixed-point of the functional mapping I' (v) = maxy ¢ 1) {Y (b,0") + Av (V')}.
Since I' is a contraction mapping, f must be the unique optimal policy. Consider now the first-
period problem (17). Inserting the expression for Yy and V' and simplifying yields

max {Yp (uo,bo) + V (bo)}
bo€]0,1]

2 ~
— uwBR (1= + 5 (1= ) b~ 2801 8) @R+ 1) B+ Q.

where Q is a constant. This problem is convex, since the coefficient on bg is negative. The first-order
condition d%) {Yo (up,bo) +V (bp)} < 0 yields

w=min{ iy (1 §0) 1)

which is monotonically decreasing in ug. ®

2Note that for all ¢ > 0, biy1 = 1+2R —b < iI;R. Thus, bi42 =
the constraint b; > 0 cannot be strictly binding for ¢t > 2.

— b1 > o= 2R — (). In other words,

1+2R 1+2R 1+2R
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