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Cournot Oligopoly and Concavo-Concave Demand

Abstract. Using an expanded notion of concavity, the N -�rm Cournot

model is reviewed to obtain generalized and uni�ed conditions for existence

of a pure strategy Nash equilibrium. The main theorem imposes indepen-

dent conditions on inverse demand (generalized concavity) and cost functions

(monotonicity). No separate assumption for large outputs is needed. We also

�nd new conditions for strict quasiconcavity and equilibrium uniqueness.

Keywords. Cournot competition; existence and uniqueness of Nash equi-

librium; generalized concavity; supermodular games.

JEL-Codes. L13 - Oligopoly and other imperfect markets; C72 - Noncoop-

erative games; C62 - Existence and stability conditions of equilibrium.



1. Introduction

Given that the prediction of the Cournot model is widely acknowledged as

a useful benchmark in the analysis of antitrust regulation, it is a striking

fact that the conditions under which a pure strategy Nash equilibrium exists

are still not fully understood. Existence is known to depend on characteris-

tics of market demand, on restrictions imposed by technology, and even on

the question of equal access to technology (cf., e.g., Vives, 1999). But it is

certainly desirable to fully clarify how existence depends on these primitives

of the environment. Allowing for general cost speci�cations, the present pa-

per derives uni�ed and generalized conditions for equilibrium existence in

an oligopolistic market for a single homogeneous good. The analysis inves-

tigates also a number of issues other than equilibrium existence, including

strict quasiconcavity and equilibrium uniqueness.

In the literature, there are essentially two main types of theorems that

ascertain existence from conditions on the primitives of the model. A �rst ap-

proach, associated with contributions by McManus (1962, 1964) and Roberts

and Sonnenschein (1976), allows for general demand speci�cations and con-

vex technologies. Existence can then be shown for any �nite number of

identical �rms.1 Amir and Lambson (2000) have rebuilt and generalized

this theory for symmetric �rms using the theory of supermodular games and

Tarski�s �xed point theorem. A second approach, developed by Novshek

(1985) and Bamon and Frayssé (1985), applies to any �nite collection of

�rms and arbitrary technologies, imposing instead restrictions on market de-

1Kukushkin (1993) relaxes the assumption of identical technologies to incorporate �rm-
speci�c capacity constraints.
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mand. This approach has its origins in an observation by Selten (1970).2 The

state of the art is Amir�s (1996) comprehensive derivation of results from the

perspective of the theory of supermodular games.3

Despite this impressive progress, the inquiry into the existence question

is by no means settled. In particular, in the second approach that allows

for general technologies, two genuinely di¤erent conditions coexist in the

literature. The so-called cardinal test evaluates the sign of a certain cross-

partial derivative of the �rm�s pro�t function. If this sign is negative, then

Cournot pro�ts are submodular in own output and rivals�joint output, so

that an equilibrium can be shown to exist. The so-called ordinal test requires

that inverse demand is logconcave. In that case, pro�ts are logsubmodular,

which likewise allows to prove existence. In an important contribution, Amir

(2005) has pointed out that neither of these tests is more stringent than

the respective other. He also shows that, with linear costs, cardinal and

ordinal tests can be seen as special cases of a cross-partial on transformed

pro�ts. However, no uni�ed perspective has been available so far for general

technologies, which is puzzling.

In this paper, we use a variant of generalized concavity (Caplin and Nale-

bu¤, 1991a, 1991b)4 to reformulate and generalize conditions for existence of

a pure-strategy Nash equilibrium in Cournot games. The speci�c concavity

notion employed, referred to as biconcavity in the sequel, is actually quite

2While Selten (1970) conceptualized the important �Einpassungsfunktion�and proved
existence using Brouwer�s �xed point theorem, the general result obtained by Novshek
(1985) and Bamon and Frayssé (1985) requires an additional argument, which was distilled
into a �xed-point theorem by Kukushkin (1994).

3A third, complementary approach assumes pro�ts to be quasiconcave. See Section 5.
4Dierker (1991) independently stressed the role of generalized concavity assumptions

in the context of the Bertrand model.

3



intuitive. It requires that the inverse demand function is concave following

monotone transformations of the scales for both price and quantity. The

intuitive nature of the biconcavity assumption turns out to be very useful.

For instance, in the main existence theorem (cf. Theorem 3.2), we can do

away with any additional assumption at large quantities, i.e., we need not

assume that su¢ ciently large output levels are dominated choices. Instead,

this is shown to be a consequence of biconcavity. In the smooth case with

downward-sloping inverse demand, the relevant concavity condition for exis-

tence can be written as

1 + "p0 + �(j"pj � 1) = 0 (1)

for some � 2 [0; 1], where "p = Qp0(Q)=p(Q) and "p0 = Qp00(Q)=p0(Q) denote

the elasticities of inverse market demand and of its �rst derivative.

To derive the general existence theorem, which does not impose smooth-

ness nor convexity of choice sets, methods developed by Novshek (1985) and

Amir (1996) are combined and enhanced. First, we formulate generalized

concavity assumptions on inverse demand implying that suitably transformed

revenues have weakly decreasing di¤erences in the relevant domain. Then, a

new lattice-theoretic argument is used to prove that this property of trans-

formed revenues is su¢ cient for pro�ts to satisfy the dual single-crossing

property. Finally, it is shown that e¤ective choice sets are compact, so that,

invoking a generalized theorem of the maximum, �rms�best-response cor-

respondences necessarily allow a nonincreasing selection. By the virtue of

Kukushkin�s (1994) �xed point theorem, this ensures existence of a Cournot-
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Nash equilibrium in pure strategies.5 As will be explain further below, the

resulting existence theorem contains virtually all earlier results for general

technologies as special cases, and even makes an additional step ahead.

In addition to the existence theorem, we also �nd generalized and uni�ed

conditions for strict quasiconcavity of pro�ts and for equilibrium uniqueness

in Cournot games. For example, it follows from our results that the general-

ized concavity condition (1), together with

p0 < 0, and p0 � C 00i < 0 for i = 1; :::; N , (2)

implies strict quasiconcavity of pro�ts and equilibrium uniqueness. This

�nding extends a well-known criterion (due to Vives, 1999), that assumes (2)

as well as logconcave inverse demand.

The rest of the paper is structured as follows. Section 2 introduces the

notion of biconcavity. The existence theorem is stated and discussed in Sec-

tion 3. Section 4 explains the main steps of the proof. Conditions for strict

quasiconcavity are derived in Section 5. Section 6 deals with equilibrium

uniqueness. Technical arguments have been relegated to an Appendix.

2. Biconcavity

This section o¤ers a brief account of the generalized concavity notion that

is key to unifying and expanding prior results. The reader interested only

in the main results should take note of the de�nition of �-biconcavity, and

continue with Section 3.

Write '� : R++ ! R for the mapping x 7! x�=� if � 6= 0, and '0 for the

logarithm. For constants �; � 2 R, a function p : R+ ! R+ will be called
5For the class of Cournot games considered in this paper, Kukushkin�s theorem is

equally strong as its recent extension by Jensen (2010).
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(�; �)-biconcave [(�; �)-biconvex ] if the domain Ip = fQ > 0 : p(Q) > 0g

is an interval and '�(p(Q)) is a concave [convex] function of '�(Q) in Ip.6

E.g., p is (0; 1)-biconcave if and only if p is logconcave. More generally, p

is (�; 1)-biconcave if and only if p is �-concave.7 For another example, p is

(1; 0)-biconcave [(1; 1)-biconcave] if and only if Ip is an interval and p(Q) is

concave in Ip as a function of logQ [as a function of Q]. In the important case

� = 1��, we will simply drop the second entry and say that p is �-biconcave

[�-biconvex ].

If p is both (�; �)-biconcave and weakly decreasing, then p is also (�0; �0)-

biconcave for any �0 5 � and �0 5 �.8 For example, (1; 1)-biconcavity is more

stringent than (1; 0)-biconcavity, which in turn is more stringent than (0; 0)-

biconcavity. It is essential here, however, that p is nonincreasing. Without

this assumption, it is not generally true that higher values for � correspond

to more stringent variants of biconcavity.

In many cases, it will be convenient to work with the smooth criterion

for (�; �)-biconcavity, derived in the Appendix, which requires that Ip is an

6This de�nition is due to Avriel (1972).
7A function p is �-concave for � 2 R if Ip is convex and '�(p(Q)) is concave in Ip (cf.

Caplin and Nalebu¤, 1991a).
8The proof extends an argument in Caplin and Nalebu¤ (1991a). For Q; bQ > 0, � 2

[0; 1], de�ne the �th generalized mean by

M�(Q; bQ;�) = [(1� �)Q� + � bQ�]1=� (3)

if � 6= 0, and by M0(Q; bQ;�) = Q1�� bQ� if � = 0. Then, clearly, p : R+ ! R+ is
(�; �)-biconcave if and only if Ip is an interval and

M�(p(Q); p( bQ); �) 5 p(M�(Q; bQ;�)) (4)

for all Q; bQ 2 Ip and � 2 [0; 1]. By Hölder�s inequality (cf. Hardy et al., 1934),M�(Q; bQ;�)
is nondecreasing in �. Therefore, if p is weakly decreasing, inequality (4) becomes more
restrictive as either � or � increases.
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interval, and that

�p
�;�(Q) � Qf(�� 1)p0(Q)2 + p(Q)p00(Q)g+ (1� �)p(Q)p0(Q) 5 0 (5)

holds for any Q 2 Ip. As a matter of convention, �p
�(Q) = �

p
�;1��(Q).

When p is strictly declining when positive and continuous, then p is (�; �)-

biconcave if and only if the inverse of p is (�; �)-biconcave. Through this

equivalence, generalized concavity conditions on inverse demand translate

naturally into conditions on direct demand and vice versa. For example,

inverse demand is (1;�1)-biconcave [(1; 0)-biconcave] if and only if direct

demand is (�1)-concave [log-concave].9

3. The existence theorem

Consider an industry composed of N = 1 �rms producing a homogeneous

good. Firm i produces the good in quantity qi 2 Di, where Di � R+ denotes

the �rm�s set of technologically feasible output levels. Aggregate output

Q =
PN

i=1 qi determines inverse demand p(Q) 2 R+. Firm i�s pro�t reads

�i(qi; Q�i) = p(qi +Q�i)qi � Ci(qi), (6)

where Q�i =
X
j 6=i

qj is the joint output of �rm i�s competitors, and Ci : Di !

R is �rm i�s cost function. Denote by

ri(Q�i) = fqi 2 Di : �i(qi; Q�i) = �i(eqi; Q�i) for all eqi 2 Dig (7)

the set of �rm i�s best responses to an aggregate rival output Q�i = 0.

A Cournot-Nash equilibrium is a vector of quantities (q1; :::; qN) such that

qi 2 ri(Q�i) for i = 1; :::; N .
9Such conditions on direct demand have been used, in particular, by Deneckere and

Kovenock (1999). See also Anderson and Renault (2003).
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Using the de�nition of biconcavity introduced in the previous section, we

can state the main result of this paper.

Theorem 3.2. Given a market for a single homogeneous good with inverse

demand p, and N �rms with sets of technologically feasible output levels

D1; :::; DN � R+, and cost functions C1; :::; CN , if

1. p : R+ ! R+ is non-constant, nonincreasing, left-continuous, as well as

�-biconcave for some � 2 [0; 1], and

2. for i = 1; :::; N , the set Di is closed, and Ci : Di ! R is left-continuous

and nondecreasing,

then, for any �rm i, the minimum best response function min ri is well-

de�ned and nonincreasing in rivals�output. Moreover, a Cournot-Nash equi-

librium exists.10

The proof is in the Appendix. See Section 4 for an exposition of the main

steps. There, it is also explained why one can dispense with any compactness

assumption.

It is easy to see that Theorem 3.2 contains the two main approaches to ex-

istence for general technologies. Indeed, inequality (5) reduces to Novshek�s

(1985) marginal revenue condition

p00(Q)Q+ p0(Q) 5 0 (8)

for � = 1, and to Amir�s (1996, Theorem 3.1) logconcavity assumption

p(Q)p00(Q)� p0(Q)2 5 0 (9)

10There are two speci�c reasons to focus on the minimum best response. First, since
strategy spaces may be unbounded, the maximum best response need not exist in general.
Second, arbitrary selections need not be monotonic under the conditions of the theorem.
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for � = 0.11

The discussion above sheds additional light on a well-known link, explored

by Amir (2005), between cardinal and ordinal approaches to the Cournot

model. More speci�cally, one can show that pro�ts transformed via '� ex-

hibit nonincreasing di¤erences in (qi; Q�i) if and only if

0 = bp(qi +Q�i)[p0(qi +Q�i) + qip00(qi +Q�i)] (10)

+ (�� 1)p0(qi +Q�i)[bp(qi +Q�i) + qip0(qi +Q�i)],
where bp(:) � p(:)� c. Amir (2005) noted that for � = 0, condition (10) cor-
responds to the logconcavity of bp, so that (8) and (9) are indeed special cases
of the cross-partial. With regard to this link, Theorem 3.2 o¤ers additional

transparency by dropping the restriction to linear costs, and by surpressing

the second argument in the condition.

Could monotone transformations h other than '� lead to equally simple,

but perhaps more general criteria for existence? E.g., Amir (2005) considers

speci�c transformations including h1(x) = log(ax+ b) with a; b > 0, h2(x) =

exp(�x) with � > 0, and h3(x) = ax + b log x with a; b > 0. A priori, it

is not clear why '� should be privileged among those transformations. To

clarify this issue, we make two observations. The �rst, which is actually at the

heart of the present analysis, is that cross-partial conditions for zero costs are

su¢ cient for ordinal submodularity with nonincreasing costs, provided that

h is concave. Formally, this is a mild generalization of Lemma 4.2 below,

with '� replaced by h.12

11Clearly, Theorem 3.2 also takes account of the fact that standard existence theorems
do not require strategy spaces to be convex (see, e.g., Dubey et al., 2006).
12On the other hand, this argument does not hold for the strictly convex transformation

h3. See also Footnote 19.
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The other observation identi�es conditions under which one argument in

the cross-partial can be dropped. To derive those conditions, note that for

general h, transformed revenues exhibit nonincreasing di¤erences provided

that

0 = (1� e�)p0(qi +Q�i)p(qi +Q�i) (11)

+ qip
00(qi +Q�i)p(qi +Q�i)� e�qip0(qi +Q�i)2,

where the coe¢ cient e�(R) = �Rh00(R)=h0(R) is a function of revenues R �
qip(qi +Q�i). Hence, if e�(:) is nonincreasing and 5 1, one may surpress the
argument Q�i, so that (11) reduces to13

(1� e�)p0(Q)p(Q) +Qp00(Q)p(Q)� e�Qp0(Q)2 5 0. (12)

E.g., the simplication works for '� if � = 0, and also for h2 and h3.14

These observations suggest that a one-parameter test allowing for general

cost speci�cations is bound to have the form (12) for some nonincreasing

function e� with values in the unit interval. Biconcavity is a special case
of (12) that avoids, in particular, the necessity of having to deal with large

outputs. Thus, while the biconcavity condition corresponds to only a very

speci�c family of transformations, it clearly stands out through desirable

properties that are not necessarily shared by more �exible tests.

We now discuss Theorem 3.2 in more detail. The following example shows

that none of the parameter values � 2 [0; 1] can be dropped without loss. It

also illustrates that prior results are strictly generalized.

13Assume (12) holds. If, in addition, p00(Q)p(Q)� e�p0(Q)2 > 0, then clearly, condition
(11) holds at positive prices. But also if p00(Q)p(Q)� e�p0(Q)2 5 0, we may conclude that
(11) holds provided that e�(:) is nonincreasing and 5 1.
14On the other hand, when e�(:) is locally increasing or > 1, it seems to be necessary to

work with two arguments.
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Example 3.3. For 0 < 
 < 1, let inverse demand be given by p(Q) =

(1 � Q1�
)1=
 if Q 5 1, and = 0 if Q > 1. Using the smooth criterion for

biconcavity (5), one can check that p is �-biconcave for some � 2 [0; 1] if and

only if � = 
. Indeed, a long but straightforward calculation delivers

�p
�(Q) = (�� 
)(Q1�
 � 
)

(1� 
)(1�Q1�
)2=
�2

2Q


. (13)

Hence, �p
�(Q) 5 0 for all Q 2 (0; 1) if and only if 
 = �. Thus, none of the

parameter values � 2 [0; 1] can be disposed of. Moreover, for 
 6= 0; 1, the

marginal revenue condition fails, as does logconcavity of inverse demand.15

The next example demonstrates that it is not possible to relax the parameter

restriction on the biconcavity condition.

Example 3.4. Consider the inverse demand function p(Q) = (1�Q�)1=� for

Q < 1 and p(Q) = 0 for Q = 0, where �; � 2 (0; 1) are constants. The graph

of this function becomes concave (actually linear) in the relevant domain once

the quantity scale is transformed using '�, and the price scale is transformed

using '�. If �+� < 1, then p ful�ls concavity requirements somewhat weaker

than those imposed in Theorem 3.2. Now, with zero costs, it follows from

Theorem 5.1 below that pro�ts are strictly quasiconcave. Implicit di¤eren-

tiation of the �rst-order condition, and subsequently exploiting the smooth

condition for biconcavity as well as the �rst-order condition shows that the

slope of the best response at Q�i = 0 is given by

dqi
dQ�i

����
Q�i=0

= � qip
00(qi) + p

0(qi)

qip00(qi) + 2p0(qi)
=
1� �� �
�+ �

> 0. (14)

15Similar arguments can be used to show that the limit cases � = 0 and � = 1 are
not redundant either. For this, one checks that p(Q) = exp(�Q) is �-biconcave for some
� 2 [0; 1] if and only if � = 0. Similarly, consider p(Q) = � ln(Q) for Q 5 1, and = 0 for
Q > 1. This price function is �-biconcave for some � 2 [0; 1] if and only if � = 1.
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I.e., the conclusion of Theorem 3.2 ceases to hold for less stringent variants

of biconcavity.

One can somewhat relax assumptions on demand if all �rms face capacity

constraints, i.e., if Di � [0; Qi] for each i = 1; :::; N . Then, the conditions on

p need hold only in the relevant domain [0; Q1 + :::+QN ].
16

Discussion. We have discussed above the biconcavity condition. Is there a

way to relax the other conditions of Theorem 3.2 further? Restrictions on

technology are extremely weak. The closedness of the set of feasible output

levels and left-continuity of the cost function are minimum technical require-

ments to allow optimization. Weak monotonicity of costs is a standard as-

sumption (satis�ed in a world with free disposal, for instance). Assumptions

on demand, given biconcavity, are also very weak. A constant price is not

a very interesting case, and is excluded for convenience. The left-continuity

assumption on inverse demand is, again, needed to allow for optimization.

In fact, at positive prices, generalized concavity implies continuity, so left-

continuity matters only when p jumps to zero. The existence theorem can

also be easily generalized to price functions p : R++ ! R+ unbounded at

Q = 0 provided that revenues go to zero as output approaches zero, i.e., pro-

vided that limQ!+0 p(Q)Q = 0. Monotonicity of inverse demand is again a

standard assumption.17 Thus, the biconcavity assumption on inverse demand
16Two extensions of Theorem 3.2 are feasible for linear cost functions Ci(qi) = ciqi, with

i = 1; :::; N . Assume �rst that for each i = 1; :::; N , there is an �i > 1 such that �rm i�s
net-of-variable-cost demand bpi � p�ci is �i-biconcave. Then, a Cournot-Nash equilibrium
exists. See Footnote 19 for illustration. For another extension, consider an oligopoly with
capacity constraints Q1; :::; QN , and assume that for each i = 1; ::; N , there is an �i 5 0
such that bpi is �i-biconvex on [0; Q1+ :::+QN ]. Then, a Cournot-Nash equilibrium exists
by Tarski�s �xed point theorem. The latter �nding extends Amir�s (1996) Theorem 3.2,
which corresponds to the case �1 = ::: = �N = 0.
17As a matter of fact, for logconcave prices and linear costs, the proof of Theorem
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is indeed the only signi�cant restriction.

4. Proof of Theorem 3.2

The derivation of the existence theorem is based on three basic insights.

Generalized concavity of demand maps into submodularity of transformed

revenues. The �rst step in the existence proof is to acknowledge that any

�-biconcave price function p, for nonnegative �, has the property that suit-

ably transformed revenues exhibit weakly decreasing di¤erences. To state a

corresponding result, we write R(qi; Q�i) = qip(qi + Q�i) for revenues. The

following result extends an argument used by Novshek (1985).

Lemma 4.1. Let p be nonincreasing and �-biconcave for some � = 0 [�-

biconvex for some � 5 0]. Then for any bqi > qi > 0 and for any bQ�i >
Q�i = 0 such that p(bqi + bQ�i) > 0,
'�(R(qi; Q�i))� '�(R(qi; bQ�i)) 5

[=]
'�(R(bqi; Q�i))� '�(R(bqi; bQ�i)). (15)

Proof. We will prove the claim for biconcave demand only. The bracketed

case is completely analogous. By assumption, '�(p(qi)) is concave in '1��(qi)

in the interval where p > 0. Since � = 0, by Lemma A.3 in the Appendix,

'�(p(qi + eQ�i)) is concave in '1��(qi) in the interval where p > 0, for anyeQ�i = 0. Therefore, the derivative @'�(p(qi + eQ�i))=@'1��(qi) is a.e. well-
de�ned, and nonincreasing in '1��(qi). But, using the properties of the

3.2 goes through without monotonicity of demand. See Section 4 in Amir (1996) for a
discussion of nonmontonic demand in the presence of general equilibrium e¤ects.
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functions '� and '1��, one has a.e.

@'�(p(qi + eQ�i))
@'1��(qi)

=
'0�(p(qi +

eQ�i))p0(qi + eQ�i)
'01��(qi)

(16)

= '0�(R(qi;
eQ�i))qip0(qi + eQ�i) (17)

=
@'0�(R(qi;

eQ�i))
@ eQ�i . (18)

So the derivative in (18) is a.e. well-de�ned and nonincreasing in qi. By the

fundamental theorem of calculus,18

'�(R(qi; bQ�i))� '�(R(qi; Q�i)) = Z bQ�i
Q�i

@'0�(R(qi;
eQ�i))

@ eQ�i d eQ�i. (19)

It follows that the left-hand side of equation (19) is nonincreasing in qi. This

proves the lemma. �

To get an intuition for this result, recall that if inverse demand is actually

concave and declining over the relevant domain, then the drop in price result-

ing from a given increase in rivals�output will be more pronounced as own

output increases. Lemma 4.1 follows a similar logic. Under the assumptions

made, the loss in (transformed) revenues resulting from a given increase in

rivals�output will be larger as own output increases. However, to take ac-

count of the quantity dimension of revenues, concavity of demand needs to

be replaced by the biconcavity assumption.

Submodularity of transformed revenues maps into dual single crossing of prof-

its. The second observation that needs to be made in the proof of Theorem

3.2 is of a lattice-theoretic nature. The result says that provided suitably

transformed revenues exhibit weakly decreasing di¤erences, and provided

18See Royden (1988, Chapter 5). The usual regularity assumption follows here from the
generalized concavity of inverse demand.
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that costs are nondecreasing, pro�ts satisfy the dual single-crossing prop-

erty. The proof given below extends an argument due to Amir (1996).

Lemma 4.2. Let � 2 [0; 1]. Take some bqi > qi = 0, bQ�i > Q�i = 0,

such that p(bqi + bQ�i) > 0. Assume that p is nonincreasing, and that Ci is
nondecreasing. Assume also that

'�(R(bqi; Q�i))� '�(R(qi; Q�i)) = '�(R(bqi; bQ�i))� '�(R(qi; bQ�i)). (20)

Then,

�i(qi; Q�i)� �i(bqi; Q�i) = 0) �i(qi; bQ�i)� �i(bqi; bQ�i) = 0. (21)

If in addition, � < 1, and p is strictly decreasing when positive, then �i

satis�es (21) with a strict inequality in the concluding inequality.

Proof. To verify dual single crossing, assume that �i(qi; Q�i) = �i(bqi; Q�i).
There are two cases. Assume �rst that, in fact, R(qi; Q�i) > R(bqi; Q�i).
Clearly, since ' � R is submodular (we drop the index �), and ' is strictly

increasing, R satis�es the dual single-crossing property (cf. Milgrom and

Shannon, 1994). Hence, R(qi; bQ�i) > R(bqi; bQ�i). Therefore, since costs

are nondecreasing, �i(qi; bQ�i) > �i(bqi; bQ�i), as desired. Assume now that
R(qi; Q�i) 5 R(bqi; Q�i). We will show that then

R(qi; Q�i)�R(qi; bQ�i) 5 R(bqi; Q�i)�R(bqi; bQ�i), (22)

which is su¢ cient for the dual single-crossing property. For this, write

u = '(R(bqi; bQ�i)) and w = '(R(bqi; Q�i)) � '(R(bqi; bQ�i)). De�ne also

v = '(R(qi; Q�i)) � w. See Figure 1 for illustration. As ' is strictly in- Fig. 1

here
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creasing, it follows from the case assumption that u > v. Moreover, since p

is nonincreasing,

R(bqi; Q�i) = bqip(bqi +Q�i) = bqip(bqi + bQ�i) = R(bqi; bQ�i), (23)

which implies that w = 0. Denote by '�1 the inverse function of '. Since

'�1 is convex,

'�1(v + w)� '�1(v) 5 '�1(u+ w)� '�1(u). (24)

Plugging the expressions for u, v, and w into (24) and simplifying yields

R(qi; Q�i)� '�1(v) 5 R(bqi; Q�i)�R(bqi; bQ�i), (25)

as illustrated in Figure 1. On the other hand, from the submodularity prop-

erty of ' �R,

'(R(qi; Q�i))� '(R(qi; bQ�i)) 5 '(R(bqi; Q�i))� '(R(bqi; bQ�i)), (26)

or equivalently,

R(qi; bQ�i) = '�1(v). (27)

Combining (25) with (27), one arrives at (22), as desired. To prove the second

assertion of the lemma, assume that p is strictly decreasing when positive,

and that � < 1. Then, for the �rst case considered above, it has been

shown that �i(qi; bQ�i) > �i(bqi; bQ�i). In the second case, w > 0, because

p is strictly decreasing when positive, and '�1 is strictly convex, so again,

�i(qi; bQ�i) � �i(bqi; bQ�i) > 0. This proves the second assertion, whence the
lemma. �
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To understand why Lemma 4.2 holds, it is important to acknowledge that

there are two possible regimes. In the �rst, marginal revenues are zero or neg-

ative when the output of other �rms is low. Under this regime, the fact that

revenues are �submodularizable�directly implies that marginal revenues re-

main zero or negative when the output of other �rms increases. Clearly then,

a fortiori, marginal pro�ts must be zero or negative when rivals�joint output

is high, as desired. In the second regime, marginal revenues are positive when

rivals�joint output is low. But then, since revenues are declining in the other

�rms�output, and since in addition, concavely transformed revenues exhibit

weakly decreasing di¤erences, marginal revenues must be smaller when the

output of other �rms increases. Thus, under either regime, an expansion of

output cannot become attractive just because competing �rms increase their

output.19

Generalized concavity of demand maps into compactness of the game. The

�nal step of the proof derives the boundedness of the e¤ective choice set from

the biconcavity assumption on inverse demand. Novshek (1985, Section 5.1)

noted that the marginal revenue condition implies that the market price

reaches zero provided that monopoly output is not maximized at in�nite

output. Our argument is similar. Speci�cally, we assume that inverse demand

19With concave transformations of revenue (i.e., with � 5 1), the presence of nonde-
creasing costs unambiguously reinforces that best responses are weakly declining. With
strictly convex transformation of revenues (� > 1), this is no longer true. To see why, con-
sider p(Q) =

p
(1�Q)=Q for 0 < Q 5 1 and p(Q) = 0 for Q > 1. One can check that p is

2-biconcave. Hence, by Lemma 4.1, squared revenues R(qi; Q�i)2 are submodular at pos-
itive prices. The best response with zero variable costs is a nonincreasing function. With
positive variable costs, this need not be true anymore. For instance, for qi = 0:1, bqi = 0:5,
Q�i = 0, bQ�i = 0:1, and costs Ci(qi) = 0:5 � qi, the single-crossing condition is violated.
Moreover, the best response with costs satis�es ri(Q�i) � 0:276 < 0:286 � ri( bQ�i), i.e.,
it is not weakly decreasing. Thus, the restriction to concave transformations of revenues
is really needed for general cost speci�cations.
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is non-constant, nonincreasing, and �-biconcave for some � 2 [0; 1]. Now

consider the graph of the inverse demand function with the scales for own

output Q and price P transformed by '� and '1��, respectively. Since

p is nonincreasing and non-constant, the same is true for the transformed

function, so the graph with transformed axes has a negative slope somewhere

at positive prices. Moreover, from biconcavity, this graph has a concave shape

at positive prices. Hence, there is a �nite Q such that transformed prices are

zero (or negative) for any output level Q = Q. Provided that � > 0, this

means that prices itself are zero for some �nite output level Q.

The argument is somewhat more involved for logconcave inverse demand,

i.e., for � = 0. In this case, assume that inverse demand is strictly positive

for all output levels (otherwise there is nothing to show). Consider now the

slope of �rm i�s log-revenue curve, which is given by

d ln(qip(qi +Q�i))

dqi
=
1

qi
+

1

p(qi +Q�i)

dp(qi +Q�i)

dqi
. (28)

For large quantities qi, the �rst term on the right-hand side of (28) becomes

arbitrarily small. Moreover, since inverse demand p is non-constant and non-

increasing, the second term must be negative somewhere. Furthermore, since

p is logconcave, the second term is nonincreasing. Therefore, for su¢ ciently

large quantities qi, the slope of the �rm�s log-revenue function is negative

and bounded away from zero, so that revenues go to zero at large quanti-

ties at an exponential rate, regardless of rivals� output Q�i.20 Thus, with

nondecreasing costs, there exists a �nite Q such that any output qi > Q is

dominated.
20For instance, when p(Q) = exp(�Q), then the slope of the �rm�s log-revenue function

is (1=qi)� 1, so that output levels qi > 1 are clearly suboptimal.

18



5. Strict quasiconcavity

The literature o¤ers a diversity of criteria for strict quasiconcavity of Cournot

pro�ts. One test checks if Qp(Q) is strictly concave, p is strictly decreasing,

and costs are convex (cf. Murphy et al., 1982). Another test checks pp00 �

2p02 < 0 (cf. Amir, 1996). Still another test, adapted from Caplin and

Nalebu¤ (1991b, Prop. 11), requires strict logconcavity of direct demand

in log-price as well as linear costs. For nonconvex technologies, one checks

logconcavity of p and p0 � C 00i < 0 (cf. Vives, 1999).

The notion of biconcavity can be used to unify and generalize such crite-

ria. Consider �rm i�s problem, keeping Q�i = 0 �xed.

Theorem 5.1. Let p : R+ ! R+ be twice continuously di¤erentiable when

positive, and nonincreasing. Furthermore, let Ci be twice continuously di¤er-

entiable on R+, nondecreasing, and strictly increasing in the domain where

the monopoly price is zero. For some � 5 1, � 5 1, assume that (i) �p
�;� 5 0

and (ii) (�+�)p0�C 00i 5 0 at positive prices. If in addition, at least one of the

inequalities (i) and (ii) holds strictly, then �i(qi; Q�i) is strictly quasiconcave

in qi.

Proof. The proof is an extension of an argument in Vives (1999). It is

shown �rst that �i(:; Q�i) is strictly quasiconcave in the largest open intervaleI where qi > 0 and p > 0. It su¢ ces to show that @2�i=@q2i < 0 at any qi 2 eI
with @�i=@qi = 0 (see, e.g., Diewert et al., 1981). So take qi 2 eI with

0 = qip
0(Q) + p(Q)� C 0i(qi), (29)

where Q = qi + Q�i. With p(Q) > 0 satis�ed within eI, it follows from the
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assumption that

0 = (�� 1)p0(Q)2Q+ p(Q)p00(Q)Q+ (1� �)p(Q)p0(Q). (30)

Multiplying (29) through with (1 � �)p0(Q), and (30) with qi=Q, a simple

addition yields

0 = �(1��)p0(Q)C 0i(qi)+p(Q)(qip00(Q)+p0(Q)f(1��)+
qi
Q
(1��)g). (31)

For � 5 1, the �rst term is nonnegative. Hence, noting that qi=Q 5 1, and

exploiting the remaining assumptions, one �nds the second-order condition

0 > p00(Q)qi + 2p
0(Q) � C 00i (qi). Thus, �i is indeed strictly quasiconcave oneI. Since �i is continuous in qi = 0, the function �i must also be strictly

quasiconcave on eI [ f0g. This proves the assertion in the case where p > 0.
If, however, p reaches zero at a �nite output level, costs must be strictly

increasing by assumption, so again �i is strictly quasiconcave in qi. The

continuity of the best response follows now from the continuity of the pro�t

function at positive prices. �

Using the smooth criterion, it is easy to check that concavity of Qp(Q) is

equivalent to �p
1;�1(Q) 5 0, while log-concavity of direct demand in log-price

amounts to�p
0;0(Q) 5 0 (in fact, for arbitrary convex costs). Moreover, pp00�

2p02 5 0 captures �p
�1;1(Q) 5 0. Finally, log-concavity of inverse demand

is tantamount to �p
0;1(Q) 5 0. Thus, ignoring regularity assumptions and

boundary cases, Theorem 5.1 indeed covers and extends the various criteria

mentioned at the beginning of this section.

Under very weak additional assumptions, the result above turns into an

existence theorem complementing Theorem 3.2 in cases where pro�ts are not
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necessarily ordinally submodular. Indeed, it is well-known that existence

of a pure strategy equilibrium follows from (strict) quasiconcavity provided

pro�ts are continuous in (qi; Q�i) and e¤ective choice sets are compact. These

conditions are satis�ed, e.g., if p is continuous and zero above some �nite

Q. In particular, Theorem 5.1 implies the main existence results currently

known for convex costs, which require either (�1)-concave inverse demand

or (�1)-concave direct demand (cf. Deneckere and Kovenock, 1999).

6. Uniqueness

The notion of biconcavity can also be used to unify and generalize various

su¢ cient conditions for equilibrium uniqueness.21 Indeed, as will be shown

below, with suitably restricted biconcavity parameters, uniqueness obtains

in the smooth model with strictly quasiconcave payo¤s.22 As in the previous

section, pro�ts are not necessarily ordinally submodular.

Theorem 6.1. Let p : R+ ! R+ be continuous, twice continuously di¤eren-

tiable when positive with p0 < 0, and p(0) > 0. Furthermore, for i = 1; :::; N ,

let Ci be twice continuously di¤erentiable and nondecreasing on R+. Assume

that either p > 0 or that all Ci are strictly increasing. For some � 5 1,

� 5 1 such that either (i) � + � = 1 or (ii) � = 1 and � < 0, assume that

�p
�;� 5 0 and (� + �)p0 � C 00i < 0 at positive prices, for i = 1; :::; N . Then

there is at most one Cournot-Nash equilibrium.

Proof. We claim �rst that p(Q) > 0 in any equilibrium. Indeed, if p(Q) = 0,

then necessarily Q > 0, so that some �rm i must be active, i.e., qi > 0 for
21Necessary and su¢ cient conditions for uniqueness are derived by Kolstad and Math-

iesen (1987) and Gaudet and Salant (1991).
22Szidarovszky and Yakowitz (1982) show that minimal di¤erentiability conditions on

demand are needed to ensure uniqueness.
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some i. However, as inverse demand may vanish, Ci is assumed strictly

increasing. Hence, �rm i could pro�tably reduce own output, which is a con-

tradiction. Thus, in any equilibrium, p(Q) > 0. Consider now an equilibrium

(q1; :::; qN). Since pro�t functions are di¤erentiable at positive prices, there

exist multipliers u1; :::; uN , such that

p(Q) + qip
0(Q)� C 0i(qi) + ui = 0 (i = 1; :::; N), (32)

uiqi = 0 (i = 1; :::; N), (33)

ui; qi = 0 (i = 1; :::; N), (34)PN
i=1qi = Q, and p(Q) > 0. (35)

To prove uniqueness, it su¢ ces to show that there is at most one solution

(q1; :::; qN ;u1; :::; uN ;Q) to the system (32-35). We exclude initially the pos-

sibility that Q = 0. For a given Q > 0 such that p(Q) > 0, consider the

problem

P(Q) : maxq1;:::;qN p(Q)
PN

i=1qi +
1
2
p0(Q)

PN
i=1q

2
i �

PN
i=1Ci(qi)

s.t. (A)
PN

i=1qi = Q

(Bi) qi = 0, i = 1; :::; N .

Since by assumption, p0 � C 00i < 0 at positive prices, the objective function

in problem P(Q) has a negative de�nite Hessian relative to (q1; :::; qN). In

particular, problem P(Q) has a unique solution fq�i (Q)gNi=1. This solution

is characterized by the property that there exist multipliers � = �(Q) and
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bui = bui(Q); i = 1; :::; N , such that Kuhn-Tucker conditions
p(Q) + qip

0(Q)� C 0i(qi)� �+ bui = 0 (i = 1; :::; N) (36)PN
i=1qi = Q (37)

buiqi = 0 (i = 1; :::; N) (38)

bui; qi = 0 (i = 1; :::; N) (39)

hold. Given our current assumption Q > 0, the multipliers �; bu1; :::; buN are
unique. Indeed, since qi > 0 for some i, the corresponding bui vanishes, so
that problem P(Q) de�nes �, and also buj for j 6= i. By Gauvin and Janin
(1988, Theorem 5.1), the optimal solution and Lagrangian multipliers are

continuous as a function of Q, in the domain where Q > 0 and p(Q) > 0,

and directional derivatives exist. Denote by D+
Q(:) and D

�
Q(:), respectively,

the right-hand and left-hand derivatives of the argument. It will be shown

now that D+
Q(�) < 0 and D

�
Q(�) < 0 whenever � = 0. We con�ne ourselves

to the right-hand derivative, since the argument for the left-hand derivative

is very similar. The right-hand derivative of

�(Q) = p(Q) + q�i (Q)p
0(Q)� C 0i(q�i (Q)) + bui(Q) (40)

reads

D+
Q(�) = p

0(Q) + qip
00(Q) + (p0(Q)� C 00i (q�i (Q)))D+

Q(q
�
i ) +D

+
Q(bui). (41)

Write K = fi : D+
Q(q

�
i ) > 0g, and let k = jKj. Note that k = 1 as a

consequence of condition (A) in problem P(Q). From condition (38) and the

continuity of bui(Q), it follows that D+
Q(bui) = 0 for any i 2 K. Therefore, if
23



i 2 K,

D+
Q(�) = p

0(Q)
�
1 + (1� �� �)D+

Q(q
�
i )
�
+ p00(Q)qi (42)

+ [(�+ �)p0(Q)� C 00i (qi(Q))]D+
Q(q

�
i )

< p0(Q)
�
1 + (1� �� �)D+

Q(q
�
i )
�
+ p00(Q)qi (43)

Assume �rst �+� = 1. Then, as in the proof of Theorem 5.1, the �rst-order

condition for individual pro�t maximization combined with the biconcavity

assumption implies qip00(Q) + p0(Q) 5 0. This settles the claim if �+ � = 1.

Assume now � = 1 and � < 0. Then, adding (41) over all i 2 K, one obtains

kD+
Q(�) < p

0(Q)
�
k � �

P
i2KD

+
Q(q

�
i )
�
+ p00(Q)

P
i2Kqi (44)

5 p0(Q)(1� �) + p00(Q)
P

i2Kqi, (45)

because
P

i2KD
+
Q(q

�
i ) = 1. If

P
i2Kqi = 0, then D

+
Q(�) < 0. But if

P
i2Kqi >

0, then
QP
i2Kqi

kD+
Q(�) < (1� �)p0(Q) +Qp00(Q) 5 0, (46)

where the second inequality follows from �p
1;� 5 0. Therefore, also in this

case, D+
Q(�) < 0, proving the assertion. By the intermediate value theorem,

�(Q) has at most one zero in the interval where Q > 0 and p(Q) > 0. Thus,

there exists at most one equilibrium with Q > 0. Assume now that there

is an equilibrium with aggregate output zero as well as an equilibrium with

Q > 0. In the equilibrium with strictly positive aggregate output, there

must be some �rm i with qi > 0. By Theorem 5.1, pro�ts are strictly quasi-

concave in own output. In particular, qip(qi+Q�i)�Ci(qi) > �Ci(0), which

implies qip(qi) � Ci(qi) > �Ci(0). Hence, provided there is an equilibrium

with strictly positive aggregate output, it cannot be optimal for a �rm to
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remain inactive if all other �rms are inactive. Thus, there is at most one

Cournot-Nash equilibrium. �

Murphy et al. (1982) �nd conditions under which the Lagrangian multiplier

�(Q) de�ned in the proof above is strictly decreasing in Q. The somewhat

weaker conditions of Theorem 6.1 merely imply that the continuous function

�(Q) is strictly declining at any zero.

Theorem 6.1 o¤ers a unifying perspective on uniqueness results by Szi-

darovszky and Yakowitz (1982) for concave inverse demand, by Murphy et

al. (1982) and Watts (1996) for concave industry revenues, by Amir (1996)

and Deneckere and Kovenock (1999) for logconcave inverse demand, and by

Vives (1999) for nonconvex costs.23 An implication of Theorem 6.1 not cov-

ered by earlier work is the fact that the uniqueness condition p0 � C 00i < 0

works for equilibria with merely biconcave inverse demand, as captured by

Theorem 3.2.

Appendix

This appendix contains auxiliary results and the proof of Theorem 3.2.

Lemma A.1. Consider a function p that is twice di¤erentiable when posi-

tive. Assume that the set Ip = fQ > 0 : p(Q) > 0g is an interval. Then, for

�; � 2 R, the function '�(p(Q)) is concave as a function of '�(Q) if and

only if the inequality

(�� 1)p0(Q)2Q+ p(Q)p00(Q)Q+ (1� �)p(Q)p0(Q) 5 0 (47)

holds for any Q 2 Ip.
23The reader is referred to the original papers for precise statements of these results.
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Proof. By the standard di¤erential condition, '�(p(Q)) is concave as a

function of '�(Q) if and only if

d'�(p(Q))

d'�(Q)
=
'0�(p(Q))p

0(Q)

'0�(Q)
(48)

is nonincreasing in '�(Q), or equivalently, nonincreasing inQ. Di¤erentiating

the right-hand side of (48) with respect toQ delivers that '�(p(Q)) is concave

as a function of '�(Q) if and only if

'0�(Q)'
00
�(p(Q))p

0(Q)2 + '0�(Q)'
0
�(p(Q))p

00(Q)� '0�(p(Q))p0(Q)'00�(Q) 5 0

(49)

for all Q 2 Ip. Replacing the derivatives of '� and '� by the respective ex-

plicit expressions, and subsequently multiplying through with p(Q)2��Q2��

delivers (47). �

Lemma A.2. Let Y = 0. Then for any � 5 1 [� = 1], the transformed

translation mapping �Y : y 7! '�(y+ Y ), de�ned on R+, is convex [concave]

in '�(y).

Proof. Using Lemma A.1, �Y is concave [convex] in '�(y) if and only if

(1��)Y 5 0 [= 0]. Thus, if � 5 1, then �Y is convex in '�(y), and if � = 1,

then �Y is concave in '�(y). �

Lemma A.3. Assume that the function p is �-biconcave [�-biconvex] and

nonincreasing, for � = 0 [for � 5 0]. Then p(qi + Qi) is �-biconcave [�-

biconvex] in qi for any Qi = 0.

Proof. Assume �rst that p is �-biconcave with � = 0. Then '�(p(Q)) is

concave and nonincreasing in '1��(Q) on Ip. Substituting Q by qi + Qi, it

follows trivially that '�(p(qi+Qi)) is concave and nonincreasing in '1��(qi+
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Qi) on Ip � Qi. But by Lemma A.2, '1��(qi + Qi) is convex in '1��(qi)

provided Qi = 0. Since any composition of a concave and nonincreasing

function with a convex function is concave, '�(p(qi + Qi)) must be concave

in '1��(qi) on Ip. Hence, p(qi+Qi) is indeed �-biconcave in qi. The assertion

for biconvex functions is proved in an analogous way. �

Proof of Theorem 3.2. To apply Kukushkin�s (1994) theorem, we need

to show that the best-response correspondence has a nonincreasing single-

valued selection.24 The proof has three steps. We prove �rst that min ri(Q�i)

is well-de�ned. We have argued in Section 4 that the e¤ective choice set of

the �rms can w.l.o.g. be assumed bounded by some Q > 0. I.e., given rivals�

output Q�i, a deviation to a choice outside the interval [0; Q] does never yield

strictly higher pro�ts. Clearly, the pro�t function is upper semicontinuous

(u.s.c.) in own output, for any given level of rivals�output. Since any u.s.c.

function on a compact set attains a maximum, and moreover, the set of

maximizers is compact, ri(Q�i) is compact and non-empty for any Q�i =

0. Hence, min ri(Q�i) is indeed well-de�ned. Next, we show that min ri

is nonincreasing. For this, take arbitrary quantities bQ�i > Q�i = 0 such

that p( bQ�i) > 0 (obviously, for p( bQ�i) = 0, we have min ri( bQ�i) = 0, so

there is nothing to show). Let bqi = min ri( bQ�i) and qi = min ri(Q�i). With
nondecreasing costs, a positive production level leading to a zero market price

is never a best response to bQ�i. Therefore, p(bqi + bQ�i) > 0. By assumption,
there exists a parameter � 2 [0; 1] such that p is �-biconcave. Lemma 4.1
24A direct application of Milgrom and Shannon�s (1994) results does not seem feasible.
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implies

'�(R(bqi; Q�i))� '�(R(qi; Q�i)) = '�(R(bqi; bQ�i))� '�(R(qi; bQ�i)). (50)

Using Lemma 4.2, one obtains

�i(qi; Q�i)� �i(bqi; Q�i) = 0) �i(qi; bQ�i)� �i(bqi; bQ�i) = 0. (51)

We wish to show that qi = bqi. To provoke a contradiction, assume qi < bqi.
Then, since bqi is the smallest best response to bQ�i, necessarily �i(qi; bQ�i) <
�i(bqi; bQ�i). Hence, using the dual single-crossing property (51), it follows
that �i(qi; Q�i) < �i(bqi; Q�i), in contradiction to qi 2 ri(Q�i). Conse-

quently, qi = bqi, as desired. Thus, min ri(Q�i) is indeed nonincreasing in
Q�i. Finally, we prove existence. For this, one notes that, since Ci is left-

continuous and nondecreasing, Ci is lower semi-continuous. Moreover, either

R is continuous in (qi; Q�i), viz. when p is continuous at positive quantities,

or R is continuous in (qi; Q�i) in the closed domain where p(qi + Q�i) > 0,

viz. when p jumps to zero. In either case, pro�ts are quasi-transfer upper

continuous in (qi; Q�i) with respect to [0; Q]. To see why, assume that

�i(bqi; Q�i) > �i(qi; Q�i), (52)

and consider a small perturbation of (qi; Q�i). If costs jump upwards through

the perturbation, inequality (52) still holds. On the other hand, if revenues

drop to zero through the perturbation, then necessarily R(bqi; Q�i) > 0, hencebqi > 0. Since revenues are continuous in the domain of positive prices, we

may replace bqi by a smaller value so that (52) still holds. This shows that �i
is indeed quasi-transfer upper continuous. It follows now from Theorem 3 in
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Tian and Zhou (1995) that ri has a closed graph when �rms are restricted

to choose a quantity from the compact interval [0; Q]. Consequently, the

assumptions of Kukushkin�s (1994) �xed point theorem are satis�ed in the

restricted game. But a choice above Q can never increase pro�ts. Thus, an

equilibrium exists also in the unconstrained game. �
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